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I. ÁÁÁ KKK

1. ê� xn½Â� x1 = 1, �é?¿ n ≥ 1Ñk xn+1 = xn + 3
√
xn + n√

xn
.

(1) y²: lim
n→∞

n
xn

= 0;

(2) ¦4� lim
n→∞

n2

xn
.

2. (1) n�¢ê a, b, c÷v a2 + b2 + c2 = 1, y²:

|a− b|+ |b− c|+ |c− a| ≤ 2
√

2;

(2) 2019�¢ê a1, a2, . . . , a2019÷v a21 + a22 + . . .+ a22019 = 1. ¦L�ª

S = |a1 − a2|+ |a2 − a3|+ . . .+ |a2018 − a2019|+ |a2019 − a1|.

����.

3. ê� an½Â� a1 = 5, a2 = 13,�é?¿ n ≥ 2Ñk an+1 = 5an−6an−1.

(1) y²: Tê�?¿ü�����Ñp�;

?¾FÏ: 2020-02-29.
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(2) y²: é?¿g,ê k, e p´ a2k ����Ïf, K p− 1�� 2k+1�

Ø.

4. Ø���b�4ABC S�u �O, H ´ÙR%, D,E, F ©O´ O'u

n> BC,CA,AB�é¡:.

(1) �Ha´H'uBC�é¡:, A′´A'uO�é¡:, Oa´4BOC

�	%. y²: HaDÚ OaA
′��:3 �Oþ;

(2) �: X ÷v AXDA′ ´��²1o>/. y²: 4AHX, 4ABF Ú

4ACE �	��kØ A	�ú�:.

5. ± a�ëê��§|:
x− ay = yz

y − az = zx

z − ax = xy

(x, y, z ∈ R).

(1) � a = 0�, )ù��§|;

(2) y²: � a > 1�T�§|k 5|).

6. �½Ø���b�4ABC, P D,E, F ©O� A,B,C �é>¤Úp�

�Rv. ± AD��»��� DE,DF u:M,N . 3 AB,AC þ�: P,Q÷

v NP ⊥ AB, MQ ⊥ AC. ��, P �I �4APQ�	��.

(1) y²: �I � EF ��;

(2) � T � �I 3 EF þ��:, DT �MN �u: K, L´ A'uMN

�é¡:. y²: 4DKL�	��L EF �MN ��:.

7. �½��ê n > 1, T ´¤kkS| (x, y, z)|¤�8Ü, Ù¥��ê

x, y, z pØ�Ó, � 1 ≤ x, y, z ≤ 2n. 8Ü Ad�
kSé (u, v)|¤, eé?

¿ T ¥��� (x, y, z)Ñk {(x, y), (x, z), (y, z)} ∩ A 6= ∅, ·�¡ A� T �ë.

(1) ¦ T ¥����ê;

(2) y²: �3��� T �ë�8Ü, �ÙTk 2n(n− 1)���;

(3) y²: ?¿� T �ë�8Ü����êÑØ�u 2n(n− 1).

www.nsmath.cn 2



///. )))������µµµ555

1. ê� xn½Â� x1 = 1, �é?¿ n ≥ 1Ñk xn+1 = xn + 3
√
xn + n√

xn
.

(1) y²: lim
n→∞

n
xn

= 0;

(2) ¦4� lim
n→∞

n2

xn
.

y² ([[[ddd���) (1) ·�y² xn ≥ n2.

5¿� x1 = 1, x2 = 5, �±�� xn−1 ≥ (n− 1)2, �Ä n ��¹, @o

xn = xn−1 + 3
√
xn +

n
√
xn
≥ (n− 1)2 + 3(n− 1) ≥ n2.

@o3 n→∞�,

lim
n→∞

n

xn
= 0.

(2) ·��y²©üÚ:

(i) y²: xn <
9
4
n2 + 100n. (∗)

¦^8Bb�, w,dªé n = 1, 2 �´¤á�, � (∗) 3 n − 1�¤á,

�Ä n �, d�

xn = xn−1 + 3
√
xn +

n
√
xn

<
9

4
(n− 1)2 + 100n− 100 + 3(

3

2
(n− 1) + 30) + 1

<
9

4
n2 + 100n.

(ii) y²: xn >
9
4
n2 − 100n. (∗∗)

¦^8Bb�, w,dªé n = 1, 2´¤á�, � (∗∗)3 n − 1�¤á, �

Ä n�, d�

xn = xn−1 + 3
√
xn +

n
√
xn

>
9

4
(n− 1)2 − 100n+ 100 + 3(

3

2
(n− 1)− 30) +

4

9

>
9

4
n2 − 100n.

Ïd

lim
n→∞

n2

xn
=

4

9
. �

µ5 �©Ä����K, é·Ü�3�Á�1 9K, �3�HêÆc��

�q�k�
 {ü
. 1�¯�±�â1�¯�¯K½ögC}Á�A�ê

ßÑ�Y´ 0, 1�¯�{)ö^
�½Xê{: kb� xn ∼ kn2 (n → +∞),
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,��\4íúª'� nc�Xê, ù��±�� k ��. 3�L§��ÿ�

5¿��'�N´�©�/�: 1�¯O#
�¦þe., �Ü©Æ)�UÒ

¦�þ.Òm©�L§
, ùÒ�U¬��K1�¯���©ê
.

2. (1) n�¢ê a, b, c÷v a2 + b2 + c2 = 1, y²:

|a− b|+ |b− c|+ |c− a| ≤ 2
√

2;

(2) 2019�¢ê a1, a2, . . . , a2019÷v a21 + a22 + . . .+ a22019 = 1. ¦L�ª

S = |a1 − a2|+ |a2 − a3|+ . . .+ |a2018 − a2019|+ |a2019 − a1|

����.

y² ([[[ddd���) (1) � a ≥ b ≥ c, K

|a− b|+ |b− c|+ |c− a| ≤ 2|a|+ 2|c| ≤ 2
√

2a2 + 2c2 ≤ 2
√

2.

(2) du
2019∏
i=1

(ai − ai+1)(ai+1 − ai+2) ≥ 0,

¤±�3 1 ≤ k ≤ 2019,¦ (ak − ak+1)(ak+1 − ak+2) ≥ 0.=

|ak − ak+1|+ |ak+1 − ak+2| = |ak − ak+2|.

��ª�ý

S = |a1 − a2|+ · · ·+ |ak−1 − ak|+ |ak − ak+2|+ |ak+2 − ak+3|+ · · ·+ |a2019 − a1|

≤ 2|a1|+ 2|a2|+ · · ·+ 2|ak|+ 2|ak+2|+ · · ·+ 2|a2019|

≤ 2
√

(a21 + a22 + · · ·+ a22019) · 2018

≤ 2
√

2018.

��^�:

a1 =
1√

2018
, a2 = − 1√

2018
, a3 =

1√
2018

, · · · , a2018 = − 1√
2018

, a2019 = 0. �

µ5 '�N´���Ø�ª¯K, ·Ü�3�Á�1 10 K �, �3

�HêÆc����1�K {ü. 1�¯Ï�ªfÓ�é¡, ¤±Ò�

±� a ≥ b ≥ c, �Ü½öþ�Ø�ª�B��Ò��
. 1�¯3}Á

|a1 − a2|+ |a2 − a1|, |a1 − a2|+ |a2 − a3|+ |a3 − a4|+ |a4 − a1| ������ÿ

�±íÑ�ª����´ 2
√

2018, 5¿� 2019´��Ûê, Ïd�±é���

�~^(Ø: é?¿¢ê a1, a2, · · · , a2k+1 (k ≥ 1) ü¤��, �±é�ëYn�
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ê÷vùn�êl���½öl���ü�. ��ù�(Ø, ù�KBHA


). Ö��5¿þeI, Ø�rþeIá·±�u�
Ø7���©.

3. ê� an½Â� a1 = 5, a2 = 13,�é?¿ n ≥ 2Ñk an+1 = 5an−6an−1.

(1) y²: Tê�?¿ü�����Ñp�;

(2) y²: é?¿g,ê k, e p´ a2k ����Ïf, K p− 1�� 2k+1�

Ø.

y² ([[[ddd���) (1) dA���§�� an = 2n + 3n. dÎ=�Ø{��

(2n + 3n, 2n+1 + 3n+1) = (2n + 3n, 3n) = (2n, 3n) = 1.

(2) ��Ïf p | 22k + 32k . d (2,3)=1, �3���ê x¦�

2x ≡ 3 (mod p), (x, p) = 1.

Kd p | (2x)2
k

+ (3x)2
k
, @o p | x2k + 1.

� p� x2
k
��� δ, K δ | (p− 1, 2k+1).

e (p− 1)¥� 2g��u k + 1g, = v2(δ) ≤ k. K

−1 ≡ x2
k ≡ (xδ)

2k

δ ≡ 1 (mod p).

= p = 2,gñ!

�éz��ê p | 22k + 32k Ñk (p− 1)´ 2� k + 1g�. �

µ5 ù�K�3�HêÆc���1nK {ü, A�´·Iém�Á�

1�KJÝ (�UÑvk). �´��'�Ð?��	“�”�A^��K. 1�

¯áux©, 1�¯�{(ØQ�±fzq�±í2Xe:

fffzzz���(((ØØØ: é�ê p > 2, e

p | 22k + 1,

@o 2k+1 | p− 1.

rrrzzz���(((ØØØ: é�ê p > 2, e

p | x2k + y2
k

,

@o 2k+1 | p− 1. Ù¥ gcd(x, y) = 1.

k,��Öö�±}Á:

fffzzz���(((ØØØ���rrrzzz(((ØØØ: é�ê p > 2, �ê k ≥ 2, e p | 22k + 1,@o

2k+2 | p− 1.
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¯¢þ, U
é��fz(Ø, K8�Ò��
.

4. Ø���b�4ABC S�u �O, H ´ÙR%, D,E, F ©O´ O'u

n> BC,CA,AB�é¡:.

(1) �Ha´H'uBC�é¡:, A′´A'uO�é¡:, Oa´4BOC

�	%. y²: HaDÚ OaA
′��:3 �Oþ;

(2) �: X ÷v AXDA′ ´��²1o>/. y²: 4AHX, 4ABF Ú

4ACE �	��kØ A	�ú�:.

){� ([[[ddd���!!!���rrr���)

(1) � HaD � �O uZ. �Iy² Z,A′, Oa n:��=�, =Iy

∠HaZA
′ = ∠HaZOa.

d ∠OOaC = 2∠OBC = ∠OCD��4OCD ∼ 4COaO, K

OC2 = OD ·OOa = OH2
a = OZ2.

��

∠ZOaO = ∠OZHa = ∠OHaZ = ∠OOaHa,

� Z,O,Ha, Oao:��. q ∠A′OOa = ∠HaOOa��

∠HaZA
′ =

1

2
∠HOA′ = ∠A′OOa = ∠HaOOa = ∠HaZOa.
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(2) �âK8^�±9�'	%ÚR%¥��5���

∠AEC = ∠AOC = 2∠ABC = 2(π − ∠AHC).

qÏ� EA = EC, Ïd EH = EA = EC, ?
��

OA = OC = AE = EC = EH = HX.

Ïd± H��%, HE��»���L X ��, �ù���� 4AHX �	�

�u Y . �e5y² Y Ò´·�¤�¦�@�:.

5¿� EC � AO,EC = AO,EC = HX, AOHX ´²1o>/, Ïd

CHXE �´²1o>/, Ïd

∠CHO = ∠EXA.

d HX = HY = HE, A,H,X, Y o:��±9R%���5�?�Ú�

�

∠AY E = ∠AYH − ∠HY E = ∠HXA− ∠HEY

= ∠HXE − ∠AXE − ∠HEY = ∠XEY − ∠CHO

=
π

2
− ∠XYH − (∠AHO − ∠AHC) =

π

2
− ∠ABC

= ∠HAB = ∠OAC = ∠ECA.

Ïd Y,A,C,E o:��, aq/, Y,A,B, F o:��, Ïd·K¼y. �

){� (AoPS) (1) Ñ.
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(2) Äk5¿� XAA′D, XAOH, HOA′Dþ�²1o>/. Ïd

∠XHA = ∠HAO = ∠DOA′ = ∠DKA′.

� �(ABF ) ∩ �(ACE) = M . eyM �K 'u4ABC � N9 (Èö5: N9�

Ê:��%)é¡. (K = HAD ∩ OAA
′).

d2Â Reim½n�_½n (Èö5: 2Â Reim½n9Ù_½n�y²�

µÛ)��, XJ C ´��²L A,F,B,D,C,E ��I­�, K

BF � CE =⇒ M ∈ C.

q5¿�K ∈ HAD, Ïd

∠DKC = 90◦ − ∠C = ∠DEC =⇒ D,E,K,C

��. 5¿�du D� E 'u CH é¡, �

∠DEC = 90◦ − ∠C.

Ón�y A,F,E,K ��.

qdu2Â Reim½n�_½n, kK ∈ C. �

∠BMA = ∠EKD.

qdué¡5, �kM �K 'u N9é¡. 25¿�

∠XHA = ∠DKA′ = ∠XMA.

Ïd, �(AHX)²LM . �

µ5 k�:·Iém�Á���
 (�3�HêÆc���1�U�Ø¶

K��'�Ü·), )ödK�
 1���, �K1�¯´��'�“�”�(Ø


, ÏL�
�q, ���~^Ã{�±�tt½. 1�¯k�
(J, ·w�

��
)�k�´�
^NÚ, k�´^�þ{, �ù
)��9Ï�¢3´

4<w�úsGÏ, d?)öæ^
��'�|©�Ã{: 5¿�ù���:

¯¢þ3��±R%��%, 	�����»����þ! ù�´I��½�

�muy�, XJuyù�(Ø, @où�K�Ò�±ÏL·�'�ÙG��

���
. ·@�üüÐydK�1�¯, �,)�éá, �´�3,�§Ýþ

��
�Á1 3 K�JÝ
.

NNN:

222ÂÂÂ Reim ½½½nnn � C ´��L A,B ��I­�. eL A,B �� ω1 Ú

� ω2� C ©O2g�u C,DÚ E,F . K CD � EF .
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y² � I, J�E�K²¡þü:,àg�I©O� (1 : i : 0)Ú (1 : −i : 0).

�Äò A,B©OC¤ I, J ��KC�.éz�: P , ^P ′ L«�KC���:.

K C ′, ω′1, ω′2þ��. d	, du ω1, ω2�u A,B, I, J , �±�� ω′1, ω
′
2�,	ü

��:� I ′, J ′. d�%½n, C ′D′, E ′F ′, I ′J ′n��:. 2��g����KC

�, Òy²
ù�½n. �

222ÂÂÂ Reim ½½½nnn���___½½½nnn � C ���I­�, A ∈ C. � C,D,E, F ∈ C,

¦� CD � EF . K �(ACD) ∩ �(AEF ) ∈ C.

y² � T = �AEF ∩ �ACD. ù�±`²

(TC, TD, TE, TF ) = (AC,AD,AE,AF ),

� T ∈ C.

�

M = AD ∩ �AEF,

N = AC ∩ �AEF,

K = TC ∩ �AEF,

L = TD ∩ �AEF.

d Reim ½n (Èö5:=2Â Reim½n¥, �I­�´���¹)��

NL � CD � EF �KM.

ÏdkNMEF ÚLKFE'uEF �R�²©�é¡. AO/,k [N,M ;E,F ] =
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[K,L;E,F ]. Ïdd�'�5�k

[AC,AD;AE,AF ] = [N,M ;E,F ] = [K,L;E,F ] = [TC, TD;TE, TF ].

¤±�±�Ñ(Ø T ∈ C. �

5. ± a�ëê��§|:
x− ay = yz

y − az = zx

z − ax = xy

(x, y, z ∈ R).

(1) � a = 0�, )ù��§|;

(2) y²: � a > 1�T�§|k 5|).

){� (���rrr���)

(1) � x = y = z�, ���1�|Ú1�|):

(x, y, z) = (0, 0, 0), (1, 1, 1).

e¡�Ä x, y, zØ�����¹. ���� y = x2y, = (1− x2)y = 0, w,

y 6= 0, K x = ±1. Ón y = ±1, z = ±1. d�ª��K5�� x, y, z 7���

ê½üK��, K�õk±en|):

(x, y, z) = (1,−1,−1), (−1, 1,−1), (−1,−1, 1).

²u�, ±þn|)þ¤á.

nþ, � a = 0 �, T�§|�k 5 |):

(x, y, z) = (0, 0, 0), (1, 1, 1), (1,−1,−1), (−1, 1,−1), (−1,−1, 1).

(2) Äk�±¦�ü|):

(x, y, z) = (0, 0, 0), (1− a, 1− a, 1− a).

e¡�Ä x, y, zØ�����¹. ò�ª����x− ay = y(ax+ xy)

y − a(ax+ xy) = (ax+ xy)x
,

��

y =
a2x+ ax2

1 + ax− x2
.

2g����

x− a3x

1− ax− x2
− a2x2

1− ax− x2
− a3x2 + a2x3

(1− ax− x2)2
= 0.
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2òdªØ� 0Ú 1− a�� (=Ø± x(x− 1 + a)), �n��

x3 + (a2 + a+ 1)x2 + (a3 − 1)x− a2 − a− 1 = 0.

ò f(x) = x3 + (a2 + a+ 1)x2 + (a3 − 1)x− a2 − a− 1¦���

f ′(x) = 3x2 + 2(a2 + a+ 1)x+ a3 − 1.

d

∆f ′(x) = 4(a4 − a3 + 3a2 + 2a+ 4) > 4(3a2 + 2a+ 4) > 0(a > 1),

∆f ′(x) < 4(a2 + a+ 1)2,

�� f(x)kü�4�: xf1, xf2:

xf1 = −(
√
a4 − a3 + 3a2 + 2a+ 4 + a2 + a+ 1)

3
,

xf2 =
(
√
a4 − a3 + 3a2 + 2a+ 4− a2 − a− 1)

3
.

d

f(xf1) = x3f1 + (a2 + a+ 1)x2f1 + (a3 − 1)xf1 − a2 − a− 1 > 0

Ú

f(xf2) = x3f2 + (a2 + a+ 1)x2f2 + (a3 − 1)xf2 − a2 − a− 1 < 0

��Tng�§kn�Ø�¢� x1, x2, x3.

ey² x, y, z7üüØ�.

e x = y 6= z, Kd�ª�

x = (a+ z)x⇒ a+ z = 1⇒ z = 1− a.

d� x = y = z = 1− a, �b�gñ. � x, y, züüØ�. d x, y, zÓ��üü

Ø���, T�§|�kn|):

(x, y, z) = (x1, x2, x3), (x2, x3, x1), (x3, x1, x2).

nþ, � a > 1�T�§|�k 5|):

(x, y, z) = (0, 0, 0), (1− a, 1− a, 1− a), (x1, x2, x3), (x2, x3, x1), (x3, x1, x2). �

){� (AoPS) (1) � a = 0�, òn��§�¦, �� xyz(xyz− 1) = 0.

b� xyz = 0, @o x = 0, � yz = 0, y = 0. �\�1n��§�� z = 0. XJ

xyz − 1 = 0, K©O^ 1
x
, 1
y
, 1
z
5�� yz, zx, xy. �� x = y = z = ±1 (Èö5:

= (x, y, z) = (1, 1, 1)½ (1,−1,−1)½ (−1, 1,−1)½ (−1,−1, 1)).
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(2) XJ z = 0, K x = y = 0.

XJ z 6= 0, K

x = ay + yz, y − az = z, ay + yz, z − a = ay + yz.

�

x = ay + yz, y =
az

1− az − z2
z − (ay + yz) = y(ay + yz).

d1�Ú1n��§�±��

z − a2 + az · az

1− az − z2
= a+ z

(
az

1− az − z2

)2

.

=

z5 + a2 + 2az4 + 2a3 − 2z3 + a4 − a3 − a2 − 2az2 + 1− a3z = 0.

eyT�§k 5|). N´wÑT�§�ü|),= 0Ú 1− a. ��§z�

(z)(z − 1 + a)(z3 + (a2 + a+ 1)z2 + (a3 − 1)z − a2 − a− 1) = 0.

� f(z) = z3 + (a2 + a+ 1)z2 + (a3 − 1)z − a2 − a− 1, d

f(−∞) < 0, f(−2a) > 0, f(0) < 0, f(+∞) > 0,

��T�§�kn|), ��§|�kÊ|). �

µ5 �KJÝþ5`��1�U�1�K�´'�Ü·�, JÝ��3�

Á1 1 KÚ1 2 K�m. �Kl�{þ5`X¢Ø�J, Ø%Ò3u�. wÑ 0

Ú 1− a���, �KÒz�
��y²Tng�§kn�¢��¯K (d?�

�±¦^ng�§�¢��Oª). )ö@� AoPSþ�)��E�o�¼ê�

'�|©, ')ö�)���{'. d	, ��5¿3d�§|z���Êg�

§��ÿ�½�c[, �Ø5¿Bk�UO�Ñ�, õº�L.

6. �½Ø���b�4ABC, P D,E, F ©O� A,B,C �é>¤Úp�

�Rv. ± AD��»��� DE,DF u:M,N . 3 AB,AC þ�: P,Q÷

v NP ⊥ AB, MQ ⊥ AC. ��, P �I �4APQ�	��.

(1) y²: �I � EF ��;

(2) � T � �I 3 EF þ��:, DT �MN �u: K, L´ A'uMN

�é¡:. y²: 4DKL�	��L EF �MN ��:.

){� (êêê������!!!������®®®)

(1) L A� AT ⊥ EF u T . w,k A,F,N, T � A,E,M, T ü|o:�
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�. du

∠FNT = ∠FAT = 90◦ − ∠ACB,

∠FNP = 90◦ − ∠NFP = 90◦ − ∠BPD = 90◦ − ∠ACB.

� N,P, T ��. ÓnM,Q, T ��, K ∠APT = ∠AQT = 90◦, � A,P,Q, T o

:��� AT ��».

q AT ⊥ EF , � �I � EF ��.

(2) P± AD��»����O1, P�O1Ú AC�u Y , Ú AB�uX. �

∠FNT = ∠FAT = ∠FTN = ∠DAC = ∠DAY.

K N, T, Y n:��, ÓnM,T,X ��. du ∠FTN = ∠DAC = ∠NMT , �

FT �4MNT 	����^��.

PMN,EF �u: Z, �W � DT Ú4APQ	����:.

du AT � 4APQ	����», � ∠AWT = ∠AWD = 90◦, K W 3

�O1þ.

d�%½n��O1,4APQ	��,4MNT 	��üü��¶AW,ZT,MN

�u�:, =� Z. � Z,W,A��,K

∠LZK = ∠AZK = 90◦ − ∠WKZ = ∠KDL.

�K,L,D,Z ��, =4DKL	��L EF,MN ��:. �

13 êÆ#(�



){� (AoPS) (1) Ñ.

(2) � U �MN �¥:, Z � EF �MN ��:.

du [M,N ;K,Z] = [E,F ;T, Z] = −1, qÏ� U ´MN �¥:, (ÜNÚ

:��5�, Kk:

−−→
UK ·

−→
UZ = UN2 = UM2 = −

−→
UA ·

−−→
UD =

−→
UL ·

−−→
UD.

= D, L, K, Z o:��. �

µ5 ù�AÛK´��¥�JÝ�K, ½NòdK�1 4K�� ���

Ü·. 1�¯y²��, ��Ø���{Ò´ké��:, 2y²ù�^��R

�u²LT:��». 1�¯JÝ�p, �¦y²���:�J�x, XJlX

AÛ��Ý©Û, �eé��KÛõ��, ���%½n, é��K�'�:W

:, 2\þ�
�Ý�í�, ¯KÒHA
)
. �,, |^�KAÛ�*:, �

UÉ	�dK���. ¯¢þ, �,ù�K�ãE,, �´�.��~�, )K

�{���~5. �K�k�
éõk¿g�(Ø, �X, L:4DMN �R%,

MN � AC ��:3L ANFT ��þ��,y²�Ø(J, 3dØ�Kã.

7. �½��ê n > 1, T ´¤kkS| (x, y, z)|¤�8Ü, Ù¥��ê

x, y, z pØ�Ó, � 1 ≤ x, y, z ≤ 2n. 8Ü Ad�
kSé (u, v)|¤, eé?

¿ T ¥��� (x, y, z)Ñk {(x, y), (x, z), (y, z)} ∩ A 6= ∅, ·�¡ A� T �ë.

(1) ¦ T ¥����ê;

(2) y²: �3��� T �ë�8Ü, �ÙTk 2n(n− 1)���;

(3) y²: ?¿� T �ë�8Ü����êÑØ�u 2n(n− 1).

) (êêê������)

(1) �� |T | = 2n(2n− 1)(2n− 2) = 8n3 − 12n2 + 4n.

(2) � A = {(x, y)|1 ≤ x, y ≤ n½ n+ 1 ≤ x, y ≤ 2n, x 6= y}=÷vK¿.

(3) � S = {(u, v)|1 ≤ u 6= v ≤ 2n}, K |S| = 2n(n− 1) = 4n2 − 2n.

|^�y{: ��3�����ê�u 2n2 − 2n� A� T . K

|A| ≤ 2n2 − 2n− 1.

�
∣∣{SA∣∣ ≥ 2n2 + 1.eyd� {SA7k��n�f8 {(x, y), (x, z), (y, z)}.

·K=z�3k 2n�: (n ≥ 2, n ∈ N∗)�k�ã K ¥, eÙ¥kØ�u

2n2 + 1^k�>, K�½�3��Xeã¤«ØÌ��n���ãK3 (·�5

½�½�ü:�m�Uë��õ�^Ó����>). (∗)
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K3

� n = 2�, 4�:�mëkØ�u 9^k�>, 7kü:mëkV�k

�>. P� A → B,B → A. K A,B ü:Ú C,Dü:�mëkØ�u 5^>,

C,D�¥7k��:� AÚ B �ëÑ 3^>, Ø�P� C. � C � A,B ¥�

:ëÑü^>, P� B → C,C → B.ÃØ CA��XÛ, A,B,C þU|¤÷v

�¦�K3.

8Bb� n ≤ k �, (∗)¤á.

� n = k + 1�, 3 2(k + 1)�:�k�ã¥ëk 2(k2 + 1)2 + 1^k�>,

K7kü: (P� a, b)�mëkV�>, = a → b, b → a. 3Ù{ 2k�:�m

eëkØ�u 2k2 + 1^k�>, d8Bb� (∗)é n = k + 1�¤á.

ÄK, eù 2k�:�mëkØõu 2k2^k�>, a, bü:ÚÙ{ 2k�:

�mëkØ�u (2(k + 1)2 + 1)− 2− 2k2 = 4k + 1^>, =Ù{ 2k�:¥��

k��: u� a, bëÑ
 3^>. ´� (u, a, b)�÷v^��K3, (∗) ¤á.

� {SA¥7k��n�f8 {(x, y), (x, z), (y, z)}, =�3�� (x, y, z) ∈ T

¦

{(x, y), (x, z), (y, z)} ∩ A = ∅.

� A� T Ø�ë, gñ!

K?¿� T �ë�8Ü���êØ�u 2n(n− 1). �

µ5 |^�y{=z·K�N´wÑ, K8¥éu“�ë”�£ã¥Ñy


f8x {(x, y), (x, z), (y, z)}, äk²w���5A�, ��Ä|^ãØ¥�k�

ã£ãÚ)û¯K. 3?Ø n = 2��¹¥, ·�uyXJk��	Ü:�8I
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:ëÑ 3>=�×�)û¯K, �38By²¥æ^
aq��{.�Ng´'

�g,6�.

ë�©z
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