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1 ÐÐÐ???|||

1.1 òeã¥±�Ñ�o�ã/©3�å,¦�©Ñ�ã/kü^é¡¶.

ã 1.1

1.2 eK, L, M, N ©O3��/ ABCD�> AB, BC, CD, DAþ,�

÷vo>/ KLMN �¡È� ABCD���.¦y: o>/ KLMN �,^é

��²1u ABCD�,^>.
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A

B C

DN

K

L

M

ã 1.2

1.3 Xeã,�½��dn�©O± AB, BC, AC ��»���|¤�

%/ ω,Ù¥ B ��ã AC �¥:.� ωþ� P Ú P ′²©Ù±��,¡ (P, P ′)

�“²©é”.®� (P, P ′)Ú (Q, Q′)þ�²©é.3 P, P ′, Q, Q′ ?'u ω �

���¤
ào>/XY ZT.eo>/XY ZT ��S�o>/,¦�� PP ′Ú

QQ′�Y�.

A
B

C

ã 1.3

1.4 3��F/ABCD(AB�CD)¥,:EÚF þ3CDþ,�D, E, F, C

÷vDE = CF. X Ú Y ©O� EÚ C'u ADÚ AF �é¡:.¦y:4ADF

�	��Ú4BXY �	��´Ó%�.

`

A B

CD
E F

X

Y

ã 1.4

1.5 ²¡þk 2021 �:,©O� A1, A2, · · · , A2021,Ù¥Ãn:��,�

∠A1A2A3 + ∠A2A3A4 + · · ·+ ∠A2021A1A2 = 360◦,

Ù¥ ∠Ai−1AiAi+1 þL«d Ai−1Ai Ú AiAi+1 �¤��u 180◦ Ý��(5½

A2022 = A1Ú A0 = A2021).¦y: ù
�¥,,
��Ú� 90◦.
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2 ¥¥¥???|||

2.1 3÷v AB = AC �4ABC ¥, H �ÙR%. E ´ AC �¥:, D3

> BC þ,�÷v 3CD = BC.¦y: BE ⊥ HD.

A

B C

H

E

D

ã 2.1

2.2 ²1o>/ ABCD¥, E, F ©O3> AB, CDþ,�÷v ∠EDC =

∠FBC Ú ∠ECD = ∠FAD.¦y: AB ≥ 2BC.

C

BE

F

A

D

ã 2.2

2.3 �½÷v AB = BC Ú ∠ABD = ∠BCD = 90◦ �ào>/ ABCD,

é�� AC Ú BD�u E. F 3> ADþ,÷v AF
FD

= CE
EA
.± DF ��»�� ω

Ú4ABF �	��2g�uK. EF Ú ω2g�u L.¦y: ��KL²© CE.

A
B

C

D

E

F
K

L

ã 2.3

2.4 ���4ABC ¥,S%� I,	��� Γ. AI 2g� ΓuM. N � BC

¥:, T 3 Γþ�÷v IN ⊥ MT.L I � AI �R�� TB Ú TC ©O�u P

Ú Q.¦y: PB = CQ.
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A

B C

Γ

N

I

M

T

P

Q

ã 2.4

2.5 �½àÊ>/ ABCDE,Ä: X 3 CDþ.e K, L3�ã AX þ,÷

v AB = BK Ú AE = EL,�4CXK �	��Ú4DXL�	��2g�u

Y.� X $Ä�,¦y: XY ðL½:,½¤k� XY þ²1.

A

B

C D

E

X

K

L

Y

ã 2.5

3 ppp???|||

3.1 �½b�4ABC 9Ù	�� ω. D� AC ¥:, E � A'u BC �R

v,F �ABÚDE��:.H3ω�Ø¹A�øBCþ,�÷v∠BHE = ∠ABC.

¦y: ∠BHF = 90◦.

ω

A

B C

D

E

F

H

ã 3.1
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3.2 � Γ1Ú� Γ2�uü�ØÓ�: AÚ B.�^²L A���©O2g

� Γ1 Ú Γ2 u C Ú D,� A3 C Ú D�m. A? Γ2 ���2g� Γ1 u E. F

3 Γ2þ� F Ú A3> BD�Éý,÷v 2∠AFC = ∠ABC.¦y: F ? Γ2��

�,�� BDÚ�� CE n��:.

Γ1

Γ2

A

C
D

E

F

ã 3.2

3.3 �½4ABC 9Ùn^p AD, BE, CF ÚR% H. H 'u EF �R�

©O� EF, AB, AC u P, T, L. K 3> BC þ�÷v BD = KC. ω´LH Ú

P,¿� AH ����.¦y:4ATL�	��Ú ω��,�KH ²L�:.

ω

A

B CD

E

F
P

H

T

L

K

ã 3.3

3.4 �½²¡þ�±�¤à 2021>/� 2021�:,ù
:¥Ãn:��

½o:��.¦y:Ù¥�3ü�:,�ÏLùü�:�¤k�þ���¹ 673

�Ù{�:.

3.5 �½ 4ABC 9ÙS% I. 4ABC �S��� BC u D. P Ú Qþ3

> BC þ,�©O÷v ∠PAB = ∠BCAÚ ∠QAC = ∠ABC. K Ú L©O�

4ABP Ú4ACQ�S%.¦y: AD´4IKL� Euler �.
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A

B C

I

D PQ

K L

ã 3.5

II. )))������µµµ555

1 ÐÐÐ???|||

K 1.1 òeã¥±�Ñ�o�ã/©3�å,¦�©Ñ�ã/kü^é¡

¶.

ã 1.1-1

) Xeã?1©�=�.

ã 1.1-2
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K 1.2 e K, L, M, N ©O3��/ ABCD�> AB, BC, CD, DAþ,

�÷vo>/ KLMN �¡È� ABCD ���.¦y:o>/ KLMN �,^

é��²1u ABCD�,^>.

y² (���rrr���)

a

b

c

dA

B C

DN

K

L

M

ã 1.2

Xã,Ø����/ ABCD>��1, AK = a, BL = b, CM = c, DN = d.

Ko>/KLMN �¡È� ABCD����du

a(1− d) + b(1− a) + c(1− b) + d(1− c)
2

=
1

2
,

=

a+ b+ c+ d− ab− bc− cd− da = 1.

5¿�þª�±?1Ïª©):

(a+ c− 1)(b+ d− 1) = 0,

= a+ c = 1½ b+ d = 1,ù`²KM Ú NL��k�ö���/ ABCD�,

>²1. �

µ5 �KJÝØ�,�Äk�Ä�êz,2(Ü�y²�SN*	ÑÏª

©)=�.

K 1.3 Xeã,�½��dn�©O± AB, BC, AC ��»���|¤�

%/ ω,Ù¥ B ��ã AC �¥:.� ωþ� P Ú P ′²©Ù±��,¡ (P, P ′)

�“²©é”.®� (P, P ′)Ú (Q, Q′)þ�²©é.3 P, P ′, Q, Q′ ?'u ω �

���¤
ào>/XY ZT.eo>/XY ZT ��S�o>/,¦�� PP ′Ú

QQ′�Y�.

)(
Ê�) ky²: P, B, P ′��.

dé¡5, Ø�� P ′ 3± BC ��»��þ. � BC = 2r, K ω �±�

� 4πr.� ∠PBC = θ, ∠P ′BC = ϕ,du PP ′ ²© ω �±�,=ùP ′C �øPC
��Ý�Ú� 2πr.øPC �Ý��� AC �Ý� θ

π
,= 2rθ.aq/,ùP ′C �Ý�
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A
B

C

ã 1.3-1

πr · 2ϕ
π

= 2rϕ.�k 2rθ+ 2rϕ = 2rπ,� θ+ϕ = π,d= P, B, P ′��,�y.Ó

n��, Q, B, Q′½��.

ω

A
B

C

P

P ′

Q

Q′

X

Y

Z

T

ã 1.3-2

2y²: PP ′� QQ′¤Yb�� π
3
.

Ø�� P, Q þ3± AC ��»��þ, P ′ 3± BC ��»��þ. �

∠PBA = α, ∠QBC = β,�3 Q′, P ′ ?� ω����u X,�3 P, Q?� ω

����u Z.

eQ′3± AC ��»��þ,du ZP, ZQþ���,� B, P, Z, Q��,

∠PZQ = π − ∠PBQ = α + β.du XY ZT ��S�o>/,d= ∠P ′XQ′ =

π − ∠PZQ = π − α − β.3o>/ XQ′BP ′¥, ∠XQ′B = ∠Q′AB = π
2
− β,Ó

n ∠XP ′B = π
2
− α,§�o�S��Ú� 2π,�k

∠XQ′B + ∠XP ′B + ∠P ′XQ′ + ∠P ′BQ′ = 2π,

d=

(
π

2
− α) + (

π

2
− β) + (π − α− β) + (π − α− β) = 2π,

)� α + β = π
3
,= PP ′� QQ′¤Yb�� π

3
.

e Q′ 3± BC ��»��þ, � ∠PBQ = γ, aq�� ∠PZQ = π −

γ, ∠P ′XQ′ = π− 2γ,u´XY ZT ��S�o>/�du ∠PZQ+∠P ′XQ′ =

π,= 2π − 3γ = π,)� γ = π
3
,l
½k PP ′� QQ′¤Yb�� π

3
¤á.
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nþ?Ø��= PP ′� QQ′¤Yb�� π
3
. �

µ5 �K�ã#L,JÝ�$,Ø%3u?n“²©±�”ù�^�,��ò

Ù�d/=z�n:���^�,�Y���ó�ÒØ(J
.

K 1.4 3��F/ ABCD(AB � CD) ¥, : E Ú F þ3 CD þ, �

D, E, F, C ÷v DE = CF. X Ú Y ©O� E Ú C 'u AD Ú AF �é

¡:.¦y:4ADF �	��Ú4BXY �	��´Ó%�.

y² (


ÊÊÊ���)

`

A B

CD
E F

X

Y

O

M

O1

O2

K

ã 1.4

�4ADF �	%� O,=y OB = OX = OY.

ky²: OB = OY.

� AF ¥:�M,LM � DF �²1� l,� O 'u AF �é¡:� O1,

K O, M, O1 ��,� OY = O1C.� O1, C 'u l �é¡:©O� O2, K,K

O, O2'uLM �DF �R�é¡,k O1C = O2K,� OO2 �DF �BK.·�

3± DC � x¶����IXe�Ä¯K,é²¡þ�: I,�§�î�I�

xI ,K

xO − xO2 = 2(xO − xM) = xD − xA = xB − xC = xB − xK ,

(Ü OO2 � BK � OO2 = BK,� OO2KB ´²1o>/,k OB = O2K =

O1C = OY,��y.

2y²: OY = OX.

dé¡'X9^�k DX = DE = CF = Y F,� OD = OF.du

∠ODX = 2∠ADE + ∠ODE

= 2∠ADE − 90◦ + ∠DAF

= ∠ADF − ∠AFD + 90◦,
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�

∠OFY = ∠AFY − ∠OFA

= (180◦ − ∠AFD)− (90◦ − ∠ADF )

= ∠ADF − ∠AFD + 90◦,

� ∠OFY = ∠ODX,ùL²4OFY ∼= 4ODX,� OY = OX,�y.

nþ��, O�4BXY 	%,(Ø�y. �

µ5 �KJÝ·¥,��uyþ©¥�ù���(�,B��� X, Y ü

:¥���,4�{z·K.d�,|^é¡�.~��9Ï�,Øä�é¡�E

²1o>/=��¤y².

K 1.5 ²¡þk 2021 �:,©O� A1, A2, · · · , A2021,Ù¥Ãn:��,

�

∠A1A2A3 + ∠A2A3A4 + · · ·+ ∠A2021A1A2 = 360◦,

Ù¥ ∠Ai−1AiAi+1 þL«d Ai−1Ai Ú AiAi+1 �¤��u 180◦ Ý��(5½

A2022 = A1Ú A0 = A2021).¦y: ù
�¥,,
��Ú� 90◦.

y² (


ÊÊÊ���) �Ä 2021 >/ P : A1A2 · · ·A2021,§� 2021 �S��Ú

� 2019π.�ù
�� α1, α2, · · · , α2021,Ø��Ù¥ α1, α2, · · · , αk�u π,�

{���u π,Kd^�, k

(α1 + · · ·+ αk) + [(2π − αk+1) + · · ·+ (2π − α2021)] = 2π,

α1 + α2 + · · ·+ α2021 = 2019π.

P T = α1 + · · ·+ αk,Kk

T + (2021− k) · 2π − (2019π − T ) = 2π,

)�

T = (2k − 2021) · π
2
.

�� T 7� π
2
�Ûê�.du T < 2π,� T = π

2
½ 3π

2
.

u´,3K8¤ã�ùÚ� 2π� 2021 ��¥,½ö α1, α2, · · · , αk�Ú�
π
2
,½ö�{¤k��Ú� π

2
,(Ø�y. �

µ5 �KJÝ�$,�k²w�|Üº�.��·�¿£�ù�:,æ^

|Ü¯K¥“�Ñ��ê”“ÏéL�ª”�g´,dKB�HA
).
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2 ¥¥¥???|||

K 2.1 3÷v AB = AC � 4ABC ¥, H �ÙR%. E ´ AC �¥:, D

3> BC þ,�÷v 3CD = BC.¦y: BE ⊥ HD.

y² ([[[ddd���)

A

B C

H

E

D

G

M

ã 2.1

�4ABC �­%� G,w,§´ BE � AH ��:,� BC ¥:´M,d

­%�5�k

GM =
1

3
AM.

du 3CD = BC,Ïdk D´ BM �CM �n�©:,ddMG � AC,du

BH ⊥ AC, AH ⊥ BC,Ïd H ´n�/ GMB �R%,l
 HD ⊥ BG,=

BE ⊥ HD. �

µ5 �©Ä:���AÛK,n�©:�¥:^�4<Ø�éX�VÑ­

%,��d�y²R��íy²R%B��¤dKy².

K 2.2 ²1o>/ABCD¥,E, F ©O3>AB, CDþ,�÷v∠EDC =

∠FBC Ú ∠ECD = ∠FAD.¦y: AB ≥ 2BC.

y² ([[[ddd���)

C

B
E

F

A

D

G

H

ã 2.2
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� DE � BC �ò��u G, CE � DA�ò��u: H,�âK8^�,

N´�� C, F, A, H Ú B, F, D, Go:��.

ÚÚÚnnn BG+ AH > 2BC.

y² � AE
EB

= x,@o�â²1�©�ã¤'~,

DA

BG
=
AE

EB
= x,

BC

AH
=
EB

AE
=

1

x
.

du AD = BC,@o

BG+ AH =
�
x+

1

x

�
BC > 2BC.

l
y²
Ún.

£��K,d��½n��

DF ·DC = DA ·DH, CF · CD = CB · CG.

ü�ªf�\��

AB2 = CD2 = BC(2BC +BG+ AH) > 4BC2.

Ïd AB > 2BC.�d,�¤
y². �

µ5 ¥� ´���AÛØ�ªK,¤��K8^�4<é��ÖÑo:

��,��é����½n,��|^²1�©�ã¤'~=��¤�K�y

².

K 2.3 �½÷vAB = BCÚ∠ABD = ∠BCD = 90◦�ào>/ABCD,

é�� AC Ú BD �u E. F 3> AD þ,�÷v AF
FD

= CE
EA
.± DF ��»�

� ωÚ4ABF �	��2g�uK. EF Ú ω2g�u L.¦y:��KL²©

CE.

y² ([[[ddd���)

A
B

C

D

E

F
K

L
M

P

ã 2.3
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� AB� DC �ò��u P.Äky²:

äääóóó BF � CD.

y² � F ′÷v BF ′ � CD,�y² F = F ′,�I�y² CE
EA

= AB
BP
.�â�

K½nÚ©�½n,k

DP

DC
=

DP 2

DP · CD
=
DP 2

BD2
= sin2∠CBD =

CE2

EA2
.

qdMenelaus ½n,k
AB

BP
· PD
CD
· CE
EA

= 1.

l
k CE
EA

= AB
BP
,?
y²
 F = F ′,� BF � CD.�d�¤
äó�y².

Ïd ∠ABF = ∠P = ∠CBD,l
4ABF �	���»�
AF

sin∠ABF
=

AF

sin∠CBE
= AF · AE

CE
= FD.

�4ABF �	��� ω´��,l
 AK = KD.5¿�

∠ECD =
π

2
− ∠BCA =

π

2
− 1

2
∠CBP =

π

2
= ∠CDE,

Ïd,4CDE ´��n�/( CD = ED ).l


∠AKD =
π

2
+ ∠AKF =

π

2
+ ∠CBD = 2∠ACD.

� ∠KDA = π
2
− ∠ACD = 1

2
CDE.�M � CE �¥:,5¿� CD = ED,@

od ∠DLE = ∠DME �� L, D, E, M o:��.q

∠ELK =
1

2
∠CDE = ∠EDM = ∠ELM,

l
 L, K, M n:��,ÏdKLL CE ¥:M.�d,�¤
y². �

µ5 �K´¥�JÝ�AÛK.3�K¥,: F �5��õ,J±\Ã,X

Jl(Ø�í5��
�UN´�
.Ï�K¥ L:A�/XJ�,XJò�y

²(Ø=z¤ ∠KDA = 1
2
∠CDE,K�±���� L.Ïd,lù��y(Ø\

Ã,B�±'��t/)û�K.

K 2.4 ��� 4ABC ¥,S%� I,	��� Γ. AI 2g� ΓuM. N �

BC ¥:, T 3 Γþ�÷v IN ⊥MT.L I � AI �R�� TBÚ TC ©O�u

P Ú Q.¦y: PB = CQ.

y² 1 (���rrr���) Äk�M 'u Γ�é»:D,KMT ⊥ DT, DT � IN.

P ∠D = α,K tanα = c−b
2r

(Ø�� c > b ).d�u½n,k

PI

sin
�
B
2

+ A
2

+ α
� =

BI

sin
�
B
2

+ A
2

+ α− C
2

� ,
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A

B C

Γ

N

I

M

T

P

Q

D

ã 2.4-1




PI =
cos
�
α− C

2

�
BI

cos(C − α)
=

cos
�
α− C

2

�
cos(C − α)

· r

sin B
2

.

ey PI = 2R cos A
2
.dþª,k

PI =

�
cosα cos C

2
+ sinα sin C

2

�
r

(cosα cosC + sinα sinC) sin B
2

=

�
cos C

2
+ tanα sin C

2

�
r

(cosC + tanα sinC) sin B
2

=

�
cos C

2
+ c−b

2r
sin C

2

�
r�

cosC + c−b
2r

sinC
�

sin B
2

.

|^ r = 4R sin A
2

sin B
2

sin C
2
,K�duy²

2
�
cos C

2
+ c−b

2r
sin C

2

�
sin C

2

cosC + c−b
2r

sin c
=

cos A
2

sin A
2

.

2d r = 4R sin A
2

sin B
2

sin C
2
,K�Iy

4 sin A
2

sin B
2

sin C
2

+ 2(sinC − sinB) sin2 C
2

4 sin A
2

sin B
2

sin C
2

+ (sinC − sinB) sinC
=

cos A
2

sin A
2

.

d(Ø cosA+ cosB + cosC = 1 + 4 sin A
2

sin B
2

sin C
2
,=y

(cosA+ cosB + cosC − 1) sinC + (1− cosC)(sinC − sinB)

(cosA+ cosB + cosC − 1) cosC + (sinC − sinB) sinC
=

cos A
2

sin A
2

.

z{��du
sinA− sinB + cosA sinC

(1− cosA)(1− cosC)
=

cos A
2

sin A
2

.

2|^(Ø sinA+ sinB + sinC = 4 cos A
2

cos B
2

cos C
2
,��Iy

sin A
2
− cos B

2
cos C

2
+ cos A

2
sin C

2
cos C

2

sin A
2

sin2 C
2

= 1.
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|^ cos B
2

= sin A+C
2

= sin A
2

cos C
2

+ sin C
2

cos A
2
?1����þª�Òü>�

�,�k PI = 2R cos A
2
,Ón QI = 2R cos A

2
= PI,KMI ⊥ PQ.

d PI
MI

= BN
MN
� 4PBM ∼ 4INM. KÓnk 4QCM ∼ 4INM, 2d

MB = MC �4PBM ∼= 4QCM.Ïd PB = CQ. �

y² 2 ([[[ddd���)

A

B CN

I

Γ

M

T

P

Q

U

L

K

ã 2.4-2

� U ´úBAC �¥:,��� QC � AM uK, IN ��� QC u L.

äääóóó ML ⊥ QC.

y² 5¿� IN ⊥MT, UT ⊥MT,Ïd UT � IN.l


∠MNL = ∠INU = ∠NUT = ∠MCL,

l
M, N, C, L��.l
 ∠MLC = ∠MNB = π
2
.l
�¤äó�y².

5¿� ∠MIQ = π
2
,Ïd I, M, L, Q��,l
 ∠MQC = ∠NIM.dé¡

5, ∠NIM = ∠MPB.Ïd ∠MQC = ∠MPB,?�Úk P, Q, M, T o:�

�.l
 ∠QPM = ∠MTC = ∠MTB = ∠MQP,�MP = MQ.(Ü

∠MCQ = ∠PBM, ∠MQC = ∠MPB

��

4BPM ∼= 4CQM

l
 BP = CQ,ùÒ�¤
�K�y². �
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y² 3

A

B

Γ

CN

I

M

T

P

Q

ã 2.4-3

� P Ú Q ´3 I ?� AI R����þ�÷v 4MBC � 4MPQ ^

�q�:. d MB = MC �� MP = MQ. du N Ú I ©O� BC Ú PQ

�¥:, d^�q�� 4MPB ∼ 4MIN ∼ 4MQC. qdù|�q��

∠MPB = ∠MQC,ù¿�Xe T � CQÚ PB ��:,Kk P, T, Q, M o:

��,K 180◦ − ∠CTB = ∠QTP = ∠QMP = ∠CMB,Ïd T 3 Γþ.K�I

`² IN ⊥MT =�:

∠MIN + ∠TMI = ∠MIN + ∠TMQ+ ∠QMI

= ∠MPB + ∠TPQ+ ∠IMP

= ∠MPI + ∠IMP = 90◦.

�

µ5 �{�Äk��Ä�é T :��x�ª,duMT ⊥ IN �±��

�ÑM �é»:.,��¡,dMB = MC �±é��4PBM ∼= 4QCM,Ï

d�±é�'þ?1O�,�,O�L§ÑwP�,�g´��g,.�{��

g´´ß�4BPM ∼= 4CQM 5�Ú�Ú�í� U, I, C, Q��,2ò(Ø

=z�ML ⊥ CQ,���¤
�K�y².�{nK´|^Ó�{)û��K.

�Kwq´��ÏL��ÒU�¤�{üK,�´Ù¥g�þ�ÎØ�,´��

éØ��öSK.

K 2.5 �½àÊ>/ ABCDE,Ä: X 3 CDþ.e K, L3�ã AX þ,

÷v AB = BK Ú AE = EL,�4CXK �	��Ú4DXL�	��2g�

u Y.� X $Ä�,¦y: XY ðL½:,½¤k� XY þ²1.

y² (


ÊÊÊ���) ky²4CXK �	��L½:.

¯¢þ,± B��%, BA��»�� ω1,� AC � ω1�,��:�M,K
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A

B

ω1

C D

E

X

K

L

Y

M
G

H

S Ω

ã 2.5

M ´½:.�²L: C, M �� CD����� ω1�,��:� G,K G½´

½:.du ∠XCG = ∠GMC = 180◦ − ∠GKA = ∠GKX,�� G, X, K, C �

�,�y.Ón,4DXL�	��L½:, P� H.

2y² XY L½:(½¤k� XY �p²1).

(1)e Y Ø3 GH þ,�Ä 4GHY �	�� Ω.du G, H þ´½:,�

∠GYH = ∠GYX+∠XYH = ∠GCD+∠HDC�½�,� Ω´½�.� Y X�

Ω�,��:� S,k ∠GY S = ∠GCD�½�,� S �½:.

(2) e Y, G, H ��, Kd (1) ¥(Ø�� ∠GYH = 180◦ �½�, du

∠GYX = ∠GCD�½�,d=��XY �½�� GH Ü��Ý�½�,�¤k

� XY �p²1.

nÜ (1), (2)��·K¤á. �

µ5 �K´~��½�½:¯K,JÝ¥�.�Kdu½:Lõ(k 5�

½:,���¯K�¬�Ñ��n�/� 3�½:),Ïd��ß¯K¥�ùü

��¶L�½:� �,¿Ø´²��ÀJ.�±k5ïÄùü���,uy§

�ÑL½:,ù�2ïÄÙ�¶ÒØ(J
.

3 ppp???|||

K 3.1 �½b�4ABC9Ù	��ω.D�AC¥:,E�A'uBC�R

v,F �ABÚDE��:.H3ω�Ø¹A�øBCþ,�÷v∠BHE = ∠ABC.

¦y: ∠BHF = 90◦.
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y² 1 (���rrr���)

A

B

ω

C

D

E

F (F ′)

H

A′

P

ã 3.1-1

d ∠BHE = ∠ABC � �(BHE)� AB ��.ò� HE � �(ABC)u A′,


 ∠ABC = ∠BHE = ∠BHA′ = ∠A′CB,� AA′ � BC � AE � �(BHE)u

P,K BP �T��».

e¡|^Ó�{y².� PH � ABu F ′, DE � ABu F.�
Qã�B,

3e¡�y²¥,{P AB = c, BC = a, CA = b.Kk

AF

BF
=
S4DBE
S4DBE

=
S4ACE

2
S4ABE

2

=
CE

BE
=

tanB

tanC
,

BH =
BE

sinB
· sin∠BEH =

BE

sinB
· sin∠AA′E

=
BE

sinB
· sin∠A′EB =

c sin∠A′EB
tanB

,

BF ′ =
BH

cos∠ABH
=

BE

sinB
· tan∠ABH

=
BE

sinB
· tan∠AA′H =

BE

sinB
· AE
AA′

.

K

BF ′ =
c

tanB
· b sinC

a− 2b cosC
.

�

AF ′

BF ′
= 1− AB

BF ′

www.nsmath.cn 18



= 1− (a− 2b cosC) tanB

b sinC

= 1− a− 2b cosC

c cosB

=
cosB + 2b cosC − a

c cosB
.

5¿� cosB + b cosC = a,�

AF ′

BF ′
=
b cosC

c cosB
=

tanB

tanC
=
AF

BF
.

Ïd F ′ = F,= F, H, P ��,� ∠BHF = 90◦. �

y² 2 ([[[ddd���)

ω

A

B C

D

E

F

H

E′

K

L

ã 3.1-2

� E ′ ´ E 'u: D�é¡:.� HE � ωu H, L,� K ´ B 'u ω�

é»:,du

∠BHE = ∠BCL = ∠ABC,

Ïd AL � BC. du AE ⊥ BC, q E ′ ´ E 'u: D �é¡:. Ïd, N´

��: E ′, L, AÚ E ′, K, C ©On:��,ù´ A, E, C, E ′ �¤
Ý/,


KC ⊥ BC, AL ⊥ AE, |^ Pascal ½n,�	2Â8>/ ALHKCBÚ®�^

�¥� D, E, F n:���±��: F, H, K n��:,|^K, B�é»:'

X,N´��,

∠BHK = ∠BHF = 90◦. �

µ5 �K´�{ü�AÛK.�K�{ü�g´´��{,ØJ�±*	

ÑùÙ¥k��o:��,|^ù���Ú��'XB�±�t)û�K.3ù
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p·��Ñü�Ou����{,�ö´|^O�{,3vk*	Ño:��

��¹e�±^O���{)û,O�þvké�,Öö�±ë�; �ö´|^

Pascal ½n,�|¥)ö|^T�{é¯/)û
�K,Ï�ÏLù��9Ï�

éN´�±ò^�=z�y²n:��,�´�é�g,��{.

K 3.2 � Γ1Ú� Γ2�uü�ØÓ�: AÚ B.�^²L A���©O2

g� Γ1Ú Γ2u C ÚD,� A3 C ÚD�m. A? Γ2���2g� Γ1u E. F

3 Γ2þ� F Ú A3> BD�Éý,÷v 2∠AFC = ∠ABC.¦y: F ? Γ2��

�,�� BDÚ�� CE n��:.

y² ([[[ddd���)

Γ1

Γ2

A

C D

E
F

M

K

G

ã 3.2

�M ´øAC �¥:, FC � Γ2uK, EK � Γ2u G.Äky² C, E, F, G

��.5¿�:

∠AFC =
1

2
∠ABC = ∠KAE = ∠MEA,

Ïd, AK � EM,@o

∠EGF = ∠AGF − ∠AGK = ∠AKC − ∠KAE = ∠AKC − ∠MEC = ∠ECF.

Ù¥,�Ò����Ú^�
 AK � EM ^�.
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Ïd, C, E, F, G��,|^�%½n (�	T�� Γ1, Γ2),k CE, AB, FG�

:.|^ Pascal ½n,�	2Â8>/ FAADGK,�� FA, DG�u CE þ�

:.|^ Pascal ½n,�	2Â8>/ FFABDG,�� FF, BD�u CE þ�

:.ù�,B��
(Ø¤á. �

K 3.3 �½4ABC 9Ùn^p AD, BE, CF ÚR%H. H 'u EF �R

�©O� EF, AB, AC u P, T, L. K 3> BC þ�÷v BD = KC. ω´L H

Ú P,¿� AH ����.¦y:4ATL�	��Ú ω��,�KH ²L�:.

y² (


ÊÊÊ���)

ω

ω1

ω0

Γ

A

B C
D

E
F

H

P

T

L

K

O2

QZ

M

Y

S

R

N

O1

X

ã 3.3

P Γ�4ATL�	��,P ω0 �± AH ��»��,� KH � ω �,�

�:� Q,·�y² Γ� ω�u: Q.

(1)ky² Q3 ωþ,d=4HPQ�	��� AH ��.

��� EF, BC �u S,� BC ¥:�M,Ù�MH � ω0 �,��: Y

½34ABC �	��þ, u´dMonge ½n� AY, FE, BC �:,P� S,d

=MH ⊥ AS,�H �4AMSR%,= AM ⊥ SH.��� AM, SH �uR,K
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R3 ω0 þ; qP ω1 �4BHC �	��,Kd SB · SC = SE · SF = SH · SR

� R½3 ω1þ.

du ∠KDA = ∠KQA = 90◦,k K, D, Q, Ao:��, u´ HK ·HQ =

HD ·HA = HR ·HS,=K, R, Q, S ��.

� AM �L K � BC �R��u N, d BK = CD � MK = MD, �

� N, A'u: M é¡,� N 3 ω1 þ; du ∠NBH = ∠NBC + ∠CBH =

∠ACB + ∠CBH = 90◦,� HN � ω1 ��»,� ∠NRH = ∠NKS = 90◦.�

AH¥:� Z ,d ZE = ZF, ME = MF �EF ⊥ ZM,duMZ´4ANH�

¥ �, �qk EF ⊥ NH,= N, H, P ��, ∠SPN = 90◦,� N, S, R, K, P

��,nþ�� N, S, R, K, P, Q8:��.

u´, |^þã��9 AH � NK �� ∠PQH = ∠PQK = ∠PNK =

∠PHA,=4HPQ�	��� AH ��,�y.

(2)2y² Q3 Γþ,�Iy4QAT �	��� AH ��,ù�dué¡

5,4QAL�	��½� AH ��,u´ Q, A, T, L��=��y.

·�y² T, Q, K, Bo:��.¯¢þ,d (1)¥(Ø�K, D, Q, Ao:

��,�´HK ·HQ = HD·HA = HE ·HB,�B, K, E, Qo:��.�NK�

CAuX,KdXN ⊥ BS, XA ⊥ BH, AN ⊥ HSN´íÑ4XAN ∼ 4BHS.

qd TA ⊥ FH, TN ⊥ SF, AN ⊥ SH N´íÑ 4TAN ∼ 4FHS, ��

T, F � 4XAN ∼ 4BHS ��|éA:, u´ ∠XTA = ∠BFH = 90◦.

(Ü ∠BKX = ∠BEX = 90◦, �� X, T, E, K, B Ê:��, nþ��

X, T, Q, E, K, B8:��,(Ø¼y.

Ïd, ∠ATQ = 180◦ − ∠BKQ = ∠CKQ = ∠HAQ,=4QAT �	���

AH ��,�y.

(3)��y² Γ� ω�u: Q.

d (1) 9 (2) �� Γ � ω þ� AH ��. � O1, O2 ©O� Γ � ω ��

%. du AH ¥: Z � ω0 ��%, � ZH = ZQ, O2H = O2Q, dé¡5�

∠ZQO2 = ∠ZHO2 = 90◦,= O2 3: Q?� ω ���þ,Ónd ΓL: A, Q

� O1½3 Q? ω���þ,� O1, O2, Q��, = Γ� ω�u: Q,�y.

nÜ (1), (2), (3)��·K¤á. �

µ5 �K´ÄuR%�~5AÛ¯K,JÝ��,��6uxã�O(5.

I�ÿßÑ�: Q� �,^aqÓ�{�Qã�ª,©Oy² Q3K8¤ã

�ü�þ,��y² Q�ü�%��,����'X.3y²“ Q3ü�þ”�L
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§¥,^�y²o:���~�@´,=é1Ê�:,y²ü|o:��,ù�1

Ê:��|^�»�E.Ïd,�,L§�Ì��,�g´¿ØE,.

K 3.4 �½²¡þ�±�¤à 2021>/� 2021�:,ù
:¥Ãn:�

�½o:��.¦y:Ù¥�3ü�:,�ÏLùü�:�¤k�þ���¹ 673

�Ù{�:.

y² (


ÊÊÊ���) P S � P �º:8,¡ S ¥n:�¤�n�/´“Ð�”,

eÙ	��CX
 S ¥�¤k:.ky²: �3 P ���n�¿© Γ,¦� Γ�

¤kn�/Ñ´Ð�. (?)

�½ P ��^>(P� AB ),é�{ 2019�:¥÷v ∠ACB ���: C,

Ké P �º:¥?¿�:X,kX, C 3 ABÓý� ∠AXB > ∠ACB,�X 3

4ACB�	��SÜ,d=4ACB�Ðn�/.

Ø��4ACB �> AC ´ P ��^é��,�þ©é: D÷v D, B 3

AC Éý� ∠ADC ��,ù� 4CAD �	���CX� B 3 AC Éý�:.

é� B 3 AC Óý�: Y, 5¿� Y 3 4ABC 	��SÜ, �k ∠ADC +

∠AY C > ∠ADC + ∠ABC > 180◦,� Y �3 4ADC 	��SÜ.±þ`²

4ADC �´Ð�.

Ïd·�l®��Ðn�/4ABC é�
#�Ðn�/4ADC.Øä­

Edö�,�ª=¬��P���n�¿©,l
(Ø (?)¼y.

éu�K,�Äþ©¤ã� P �n�¿© Γ.eé��MN �¹3 Γ¥,�

3MN �üýþkS¥ØM, N ±	�� 673�:,K¡��“r�”.5¿�,

e�3r�é��,K�K®�y. (ù´Ï�,� Γ�¹
4MNK,Ké?¿

3MN Éý�ü: X, Y,k ∠MXN + ∠MYN > ∠MKN + ∠MYN > 180◦,

N´íÑLM, N ü:�?¿����LMN �ý�¤k:. ) ±ey²: P

�3r�é��.

� P � A1A2 · · ·A2021, Q�� 2021>/ B1B2 · · ·B2021, Bi, Bj ë>��

=� Ai, Aj ë>,=ò P � Q,U�Ó�ªn�¿©. Q�¥%�½3dn�

¿©�,�n�/¥,P�4BiBjBk,K4BiBjBk ´b�n�/.Ø�� BiBj

�Ù��>,dÄT�n�,� Bk 3 BiBj Éý�:��ê���
2021−2

3
= 673.

qd ∠BiBkBj < 90◦,�� Bk 3 BiBj Óý�:��ê���
2021−2

2
> 673,l


 BiBj ´ Q��^ré��.du P � Q�¿©�ª�Ó,� AiAj ´P��

^ré��,(Ø¼y.

nþ��·K¤á. �
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µ5 �K´;.�|ÜAÛ¯K,(Ø#L,JÝ��.�K���(J3

u\Ã,¯¢þþ©�(Ø (?)´���K,´ 1998 c��êÆ¿m�c?�

1 7K���'�Ún∗ . ±d��\Ã:,�Y2?n“ré����35”¯

K,ÒØ(J
,ùp^“� 2021>/”�´�Ö�{B.�e�È\L�'(Ø,

é��“n�¿©”´'�(J�,é�Uf\ÃÒ¬�r� .

K 3.5 �½ 4ABC 9ÙS% I. 4ABC �S��� BC u D. P Ú Qþ

3> BC þ,�©O÷v ∠PAB = ∠BCAÚ ∠QAC = ∠ABC. K Ú L©O�

4ABP Ú4ACQ�S%.¦y: AD´4IKL� Euler �.

y² (���rrr���)

A

B C

I

D PQ

K L
G

O

ã 3.5

ÄkdK8^������4PBA ∼ 4ABC, 4QCA ∼ 4ACB,�K, I

Ú L, I ©O�þã�q�éA:.��

BP

AB
=
AB

BC
=
BK

BI
.

± 4ABC �	%��:ïáE²¡,Ø�� 4ABC �	���ü �.

� A = a2, B = b2, C = c2,��yÙ��5,Ø�2� 0 < argA < argB <

argC < 2π, 0 < arg a < π, π < arg b < 2π, 0 < arg c < π. dÙ�(Ø�

I = −ab− bc− ca.

: D� I 3 BC þ�ÝK,�

D =
B + C + I −BCI

2
=

1

2

�
b2 + c2 − ab− ac+

bc2 + b2c

a

�
.

e¡éK ?1O�.dþã'~'X��

B −K
B − I

=

s
B − P
B − C

=

Ì
(B − P )(B − A)

(B − A)(B − C)
=
c(a2 − b2)

a(b2 − c2)

�
5¿�

c(a2 − b2)

a(b2 − c2)
��¢ê

�
∗Nó�:https://artofproblemsolving.com/community/c6h270406p1464816
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z{�K = ab3−a3c+b3c−a2bc
a(b−c) ,Ónk L = ac3−a3b+bc3−a2bc

a(c−b) .

�4IKL�­%� G,	%� O,e¡éùü�:?1O�.

G =
I +K + L

3
=
a3 + ab2 + b2c− ba2 + bc2 − a2c+ ac2

3a
,

O = −

�����������
II I 1

KK K 1

LL L 1

����������������������
I I 1

K K 1

L L 1

�����������

= −

������� KK − II K − I

LL− II L− I

�������������� K − I K − I

L− I L− I

�������
.

z{�

O =
�
a2 − bc

� ab2 + ac2 + b2c+ bc2

a (b− c)2 .

ey G, Oþ3 ADþ.�Iy

A(D −G)+D(G− A)+G(A−D) = 0, A(D −O)+D(O − A)+O(A−D) = 0.

cö�du

(a+ c) (a+ b)
ab+ ac− 2bc

6b2c2

+ (a+ c) (a+ b) (ab+ ac− 2bc)
ab2 − a2b+ b2c+ bc2 − ca2 + c2a

6a3b2c2

+ (−a− c) (a+ b) (ab+ ac− 2bc)
a3 − a2b+ ab2 + b2c+ bc2 − ca2 + c2a

6a3b2c2
= 0,

Ï©þª�¤á.�ö�du�
b2 + c2

�
(a+ b) (a+ c)

ab+ ac− 2bc

2b2c2 (b− c)2

+ (−a− c) (a+ b) (ab+ ac− 2bc)
−a2b+ ab2 + b2c+ bc2 + c2a− ca2

2a3bc (b− c)2

+ (a+ b) (a+ c)
�
bc− a2

�
(ab+ ac− 2bc)

ab2 + b2c+ bc2 + c2a

2a3b2c2 (b− c)2 = 0.

Ï©þª�¤á.� G, Oþ3 ADþ.qdu G, Oþ34IKL� Euler �þ,

KùL² AD=�Ù Euler �. �

µ5 �K��(J,eØæ^Eê{½)Û{,KI�kér�XAÛõ

.âU)û�K.
dK8¥�d��q±9 K, L� ��±�Ä�|^O

�'~��{5�xK, L,dd�±�ÄEê{.3dÄ:þ,)öÀJ
y²

ADÏL4IKL�­%Ú	%,ù´duEê{é­%Ú	%��xþ�I�

n�/�n�º:(~Xe�x 4IKL�R%,KI�3¦�Ù	%��âU
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��R%�L«�{).�K�O����¡,�eU*	ÑNõªf�?1Ï

ª©),KO��E,Ý�¬��ü$.
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