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1. cccóóó���������

1 173âX7 (Sharygin)AÛc���3�Ûd#d�²�ÚÙBÞ1.

ûmu 2021 c 7 � 31 F� 2021 c 8 � 1 FÞ1, z�U�Á�mÑ� 4 �

�(10:00-14:00), z�U�Ák 4 �K, ëmÀÃ©� 8, 9, 10 (½ 11) n�c?

|.

e¡·��Ñûm�)��µÛ, )�<6¶�)��Ñ. Ó�a�5g�

®�%���Ek�úi�
ø�P�, éÁK?1
�È[1], ¿3·�>�)

��Jø�B�ïÆ.

2. ÁÁÁ KKK

8-1. � ABCD ´��ào>/, ÷v 4ABC �	%�S%fÐ©OÚ

4ADC �S%�	%­Ü. ®� AB = 1, ¦ ABCD ,	n>��Ý, ±9o

����Ý.

8-2. n^²1�� la, lb, lcL4ABC �n�º: A,B,C. �p AHa'u

la�é¡�� a, aq/��Ñ b, c. y²: a, b, cn��:.

8-3. n���3���þ7XÓ����!�÷1. ®�ùn���÷1

�å:Ñ�: S, �� B��Ý´�� A�ü�, �� C ��Ý´�� A�n

�. 3�ã SC þ�Ñü: X, Y ÷v SX = XY = Y C, � AX,BY �u: Z,

¦4ZAB­%�;,.

8-4. 3b� 4ABC ¥, H �R%, A1, C1 ©O´ A,C �é>¤ÚR��

?¾FÏ: 2021-09-29.
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Rv, A2, C2 ©O´ A1, C1 'u AC �é¡:. y²: 4C2HA1 Ú 4C1HA2 �

	%�m�ålfÐ�u AC ��.

8-5. ®� A1, A2, A3, A4o:Ø��, B1, B2, B3, B4o:�Ø��. é?¿

i, j, k ∈ {1, 2, 3, 4},4AiAjAk Ú4BiBjBk �	���»ÑfÐ��. �¯·�

´Ä�½�±��: é?¿ i, j Ñk AiAj = BiBj ?

8-6. ®� 4ABC ´��b�n�/, : P ÷v AP = AB � PB � AC,

: Q÷v AQ = AC � CQ �AB. ��ã CP,BQ �u:X, y²:4ABC �

	%3 �(PXQ)þ.

8-7. 3àÊ>/ ABCDE ¥, Ê�� ∠CAB, ∠BCA, ∠ECD, ∠DEC,

∠AEC Ñ��. y²: CE ²© BD.

8-8. �¯´Ä�3��àõ>/, ÷vÙ¤k>�Ñ��, ¿�dù�à

õ>/�?¿n�º:|¤�n�/Ñ´ð�n�/?

9-1.34ABC¥,D,E, F ©O´��BC,CA,ABþ�:,÷vAD,BE,CF

�u 4ABC S��:. ®� AF, FB,BD,DC,CE,EA��Ý±�½^Sü

���±�����'ê�, y²: AD,BE,CF ��ÝUì�½^Sü���

�±�����'ê�.

9-2.é?¿�S�Ê>/, y²: Ù¡È��é���Ý�Ú�'Ø¬�

LÙ	���»� 1
4
.

9-3.3����b�4ABCS��: T ÷v ∠ATB = ∠BTC = 120◦. �

: E �L4ABC n>¥:����%. e B, T,E ��, ¦ ∠ABC ���.

9-4.½Âü�n�/�m�ål�§��m�C�ü�º:m�ål. �

¯·�´Ä�±3²¡SxÑÊ�n�/, ¦�Ù¥?¿ü�n�/�m�å

l�uùü�n�/�	���»�Ú?

9-5.�: O�4ABC �	%, : X, Y Ñ3 BC >þ, �÷v AX = BX,

AY = CY . y²:4AOB�	%Ú4AOC �	%Ñ34AXY �	��þ.

9-6.3F/ ABCD¥, BC � AD, ü^é���u: O. �:M,N ©O

3�ã BC,ADþ, �(AMC)3 C ?������ NB�u: P , �(BND)3

D?������MA�u: R. y²: ∠BOP = ∠AOR.

9-7.²¡þxÐ
��b�n�/�n>¤3��, `�^�rÃ�Ý�

ºÚ�r�5�Ñù�n�/�n^p�, 
¯%<X�¬��ÞZ6¦. z
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�£Ü, `Ñ�±?Àü�²¡þ®IÑ�:¿^�º�ÑLùü�:���,

��±?À��®IÑ�:��%���L,��®IÑ:��. �X, `�

±3²¡þIPÑ?¿êþ�:(ù
:�±´®xÑ����:, ��±´?

Û�^�þ�?¿:, $�´²¡þ?¿��:). 3`ù£Ü�ö�(å�,

¯�±ÞK²¡þ�õn�®IÑ�:(`e£Ü¿ØUÀù
:�®�:5

�ã, �´�±3e£Ü�ã�.��2�gIÑù
:). ®�`kÃ, `¯

�<Ó6ö�, ��²¡þ¤k®IÑ:Ñ�ÞZÀ��. �¯`´Ä�½�

±xÑTn�/�n^p�?

9-8.ò�	�o>/ ABCD �S��P� ω, S���%P� I. ��

� AC,BD �u: P , �� AB,CD �u: E, �� AD,BC �u: F . 3

4EIF �	��þ��: K ÷v ∠IKP = 90◦, ¿� ω��� PK �u: Q.

y²:4EQF �	��� ω��.

10-1.3��4ABC¥, ∠C = 90◦, CH�p,HA1, HB1©O� ∠CHB Ú

∠AHC ��²©�, E,F ©O� HB1, HA1 �¥:. y²: �� AE,BF ��

:3 ∠ACB��²©�þ.

10-2.� 4ABC ������n�/, A0, B0, C0 ©O� BC,CA,AB �

¥:, ∠C ��²©�©O� A0C0 Ú B0C0 �u: B1, A1. y²: �� AB1,

BA1, A0B0n��:.

10-3.34ABC ¥, AB > AC. � ∠A��²©��4ABC �	���

u: P , �� AC þL C �R�� ∠A ��²©��u: K. ± P ��%,

PK���»���4ABC	����løPAu:D. y²: ABDC´��k

S���o>/.

10-4.�¯��ocI�Ðm¡´Ä�±´��n�/?

10-5. �^������u A1, B1 ü:, ù^��q�,���u A2,

B2ü:. ,�^���1���u C1, D1ü:,¿q�1����u C2, D2ü

:. y²: A1C1 ∩B2D2, A1C1 ∩A2C2, A2C2 ∩B1D1, B2D2 ∩B1D1o:��, ¿

�T���Ð�½�ü��¶.

10-6.F/ ABCD�ü� AB,CD�u: S, ∠ASC ��²©��F/�

ü^.>�u: K,L, ¿� K 3�ã SLþ. 3�ã SK þ���: X, 23

�ã SL L���ò��þ��: Y , ÷v ∠AXC −∠AY C = ∠ASC. y²:

∠BXD − ∠BYD = ∠BSD.
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10-7. �: I���4ABC�S%,:M ��>AB�¥:.4ABC	�

�3: C?����L: I �²1u AB ����u: P . PH �4PAB�

R%, y²: �� CH,PM ��:34ABC �S��þ.

10-8.33$Ê�|, zý��cÓ���kü«: “m”Ú“4m”, ¤±z

ý�Ñ�U÷X± r1½ r2��»�l�1¨. �ý�Ê3 A :, �Þ��, ®

�ùý�1¨
 l �ål�Ê�, �31¨Ïm�Þ���^=�� α (< 2π).

¦Ê�/:�;,.

3. )))������µµµ555

K 8-1. � ABCD ´��ào>/, ÷v4ABC �	%�S%fÐ©O

Ú4ADC �S%�	%­Ü. ®� AB = 1, ¦ ABCD ,	n>��Ý, ±9

o����Ý.

A

B

C

D

M

O1

O2

ã 8-1

) (êêê������)

dK¿, O1, O2©O�4ADC,4ABC �	%. � AC ¥:M , K O1M ⊥

AC,O2M ⊥ AC. � O1, O2,M n:��.

q O1, O2©O�4BAC,4DCA�S%, �

AM = (AC + AB −BC), CM = (AC +BC − AB)

� CM = AM . K AB = BC, Ón CD = DA. � B,O1,M,O2, DÊ:��.

qÏ�

∠CO1A = 2π − 2∠D =
π

2
+

1

2
∠B,

Ón

∠CO2A = 2π − 2∠B =
π

2
+

1

2
∠D,
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� ∠B = ∠D = 108◦,4ABC ∼= 4ADC. � AB = BC = CD = DA = 1, �

∠B = ∠D = 108◦,∠BAD = ∠BCD = 72◦. �

µ5 ù´���éN´�K8, ­��´5¿L§�î>5. eU¦¯l

K¥��AÏ�^�é��ã/äké¡5, ²L{üí�=����Y.

K 8-2. n^²1�� la, lb, lcL4ABC �n�º: A,B,C. �p AHa'

u la�é¡�� a, aq/��Ñ b, c. y²: a, b, cn��:.

A

B CHa

HbHc

H

P

la

lb

lc

M

b

a

c

ã 8-2

y² (êêê������)

��� b��� c��:�M ,-∠CBlb (L«CB� lb�Y�, eÓ) = α,

d la � lb � lc, K ∠lcCB = α,∠HAla = 90◦ − α.

dé¡5,

∠HClc = 90◦ − ∠B − α = ∠lcCM ; ∠HBlb = 90◦ − ∠C + α = ∠lbBM,

�

∠ABM + ∠ACM = ∠ABH + 2∠HClc + ∠ACH + 2∠HBlb

= (180◦ − 2∠A) + 2 (180◦ − ∠B − ∠C)

= 180◦,

K A,B,M,C o:��. é(MA, K

∠CAM = ∠CBM = ∠lbBM + ∠CBlb = 90◦ + α− ∠C + a = 90◦ + 2α− ∠C,
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�

∠HAM = ∠CAM − ∠CAH = (90◦ + 2α− ∠C)− (90◦ − ∠C) = 2α,

K ∠PAM = ∠laAH = 90◦−α,AM � AHa'u la�é¡��, = AM � a­

Ü. � a, b, cn:��u:M , �y. �

µ5 �K�õý­��*	Uå, ±9°(�Ñ�é`{�ã/�Uå.

eUuyÙ¥ü���:3n�/	��þ, éN´ÒUÏL��5�íÑ�

:�,�º:ë��¤¦��­Ü, l
HA
).

K 8-3. n���3���þ7XÓ����!�÷1. ®�ùn���÷

1�å:Ñ�: S, �� B��Ý´�� A�ü�, �� C ��Ý´�� A�

n�. 3�ã SC þ�Ñü: X, Y ÷v SX = XY = Y C, � AX,BY �u:

Z, ¦4ZAB­%�;,.

O S

A

B

C

X

Y

Z

ã 8-3

) (���rrr���)

P��÷1��� �O. ±�% O��:ïáE²¡, �T��»� 1, 2

� S = 1, A = a(|a| = 1), K B = a2, C = a3, X = 2
3

+ a3

3
, Y = 1

3
+ 2a3

3
.

d Z � AX Ú BY ��:��8><
>:
A(X − Z) +X(Z − A) + Z(A−X) = 0,

B(Y − Z) + Y (Z −B) + Z(B − Y ) = 0,

)� Z = −a− a2. Ïd4ZAB�­% G = A+B+Z
3

= 0 = O. �Ù­%�;,

=��% O. �

µ5 �K/ª{', �n�©u, n�©l�^�ØB��¦^, 
Eê
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{?nTa¯K�J�Ð, ��Ä��KO�þ��, �Eê{´��éÐ�

ÀJ.

K 8-4. 3b�4ABC ¥, H �R%, A1, C1 ©O´ A,C �é>¤ÚR�

�Rv,A2, C2©O´A1, C1'uAC�é¡:. y²:4C2HA1Ú4C1HA2�

	%�m�ålfÐ�u AC ��.

A

B

C

A1C1

H

A2
C2

O1
O2

X

ã 8-4

y² (ÜÜÜ)))���)

� 4C2HA1 Ú 4C1HA2 �	%©O� O1, O2, AC2 ∩ CA2 = X, K X ´

B'u AC�é¡:. d AH ·AA1 = AC1 ·AB = AC2 ·AX ��,X 3�O2þ.

Ón, X 3 �O1þ. K HX ´ O1Ú O2��¶, l
 HX ⊥ O1O2.

5¿� ∠A1O2X = 2 (180◦ − ∠A1HX) = 2∠BHA1 = 2∠ACB = ∠BCX,

�� A1, C,O2, X ��. K

∠A1CO2 = 180◦−∠A1XO2 = 180◦− 180◦ − ∠A1O2X

2
= 180◦− 180◦ − ∠A1CX

2

= A1CO2 = 90◦ + ∠ACB, � ∠ACO2 = 90◦, Ón ∠CAO1 = 90◦.

qk O1O2 � AC, K AO1O2C �Ý/, l
 O1O2 = AC. �

µ5 K°(�ã�éN´uy�y²�Ý/, �¡�L§Bg,
, áu

{üK.

K 8-5. ®� A1, A2, A3, A4o:Ø��, B1, B2, B3, B4o:�Ø��. é?

¿ i, j, k ∈ {1, 2, 3, 4},4AiAjAkÚ4BiBjBk�	���»ÑfÐ��. �¯·

�´Ä�½�±��: é?¿ i, j Ñk AiAj = BiBj ?

) (���rrr���) Ä. �EXe:
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A1

A2 A3

A4

ã 8-5

�����Ø­Ü�4A1A2A3
∼= 4B2B3B4, � A4, B1 ©O�4A1A2A3,

4B2B3B4�R%.

5¿�

R�(A1A2A4) =
A1A2

sin∠A1A4A2

=
A1A2

sin (180◦ − ∠A1A4A2)

=
A1A2

sin∠A1A3A2

= R�(A1A2A3),

dÓ�5��, éu?¿� 4CiCjCk(C ∈ {A,B}, i, j, k ∈ {1, 2, 3, 4}), Ù	�

��»þ��, ��kK¥(Ø¤á. �

µ5 �K��N´, �Ä�n�/R%|�'�£=�ÞÑ�~.

K 8-6. ®�4ABC´��b�n�/,: P ÷vAP = AB� PB�AC,

: Q÷v AQ = AC � CQ �AB. ��ã CP,BQ �u:X, y²:4ABC �

	%3 �(PXQ)þ.

A

B C

P

Q

X

O

ã 8-6
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y² (���rrr���)

� �(ABC)��%� O. 2� �(PAB)� CP �u X ′. Kk

∠AX ′P = ∠ABP = ∠BAC = ∠ACQ = ∠AQC,

� A,X ′, C,Qo:��. �

180◦ − ∠BX ′A = ∠BPA = ∠PBA = ∠BAC = ∠ACQ = ∠AX ′Q,

� B,X ′, Q��. � X � X ′­Ü, = A,X,B, P ;A,X,C,Q©O��. q

∠BXC = ∠PXQ = ∠PBA+ ∠QCA = 2∠BAC = ∠BOC,

� B,X,O,C ��. 5¿� 4APC ∼= 4ABQ, K CP = BQ. �k ∠QBO =

∠PCO, K4QBO ∼= 4PCO, � ∠OPX = ∠OQX, = P,Q,O,X ��. �

µ5 �K�Ø%3u*	� B,X,O,C ��, l
�Ä�|^�qíÑ�

y²���, oN5ù'�Ä:.

K 8-7. 3àÊ>/ ABCDE ¥, Ê�� ∠CAB, ∠BCA, ∠ECD, ∠DEC,

∠AEC Ñ��. y²: CE ²© BD.

A E

DC

B F
G

ã 8-7

y² 1 (êêê������)

�BF �CD�CEu:F ,�ACu:G,é(FD.´�AE�BF �CD.�

∠BFC = ∠BAC,B,C, F,Ao:��. K

∠BFA = ∠BCA = ∠BFC = ∠EAF = ∠FEA,

� AF = EF .

qÏ� GF � AE, � CG
CF

= CA
CE

= CB
CD

, � ∠BCA = ∠DCE. �4BCG ∼

4DCF,∠BGC = ∠GCD = ∠BCF,∠BGC = ∠CFD. �

∠AGB = 180◦ − ∠BGC = 180◦ − ∠BCF = ∠BAF,

∠AGB = 180◦ − ∠BGC = 180◦ − ∠CFD = ∠EFD,

9 êÆ#(�



Kk ∠BAF = ∠EFD,∠BFA = ∠FED,AF = EF , �4AFB ∼= 4FED, Ï

d BF = DE = DC, � BF � CD, �o>/ BFDC �²1o>/. =k

CE ²© BD.�y! �

y² 2 (ÜÜÜ)))���)

dK¿, �ù 5 �����þ� α, ·��Iy²

BC · sin(α + ∠BCE) = CD · sinα.

�ªü>Ó�¦ 2 cosα, =y AC · sin∠CAE = CE · sinα, 34ACE¥¦^�

u½n, ��þª´¤á�. �

µ5 ù´��ék¿g�K8, wqE,, ¢S�±��|^Ð¥��S

��£�¤)K. wq%É�K8^�¿�Ã{eÃ, g�L§�1�ÚKÏ

L�½�íä, 5á¢�äN�ã/ï�L§þ, l
¼�Ü©(Ø. 3���

y(Ø¥�²©^�, Úkc���²1'X�, 9Ï��V\Ò�ég,
.

�qÚ��'X�ÏéI��½�*	åÚ_í�{. Ó�, Ï�ã/�ï�

�±ÏLK8^�ÅÚ�¤, )ö@�dK��±ÏLïá²¡���IX5

)û, k,��ÖöØ�g1}Á.

K 8-8. �¯´Ä�3��àõ>/, ÷vÙ¤k>�Ñ��, ¿�dù�

àõ>/�?¿n�º:|¤�n�/Ñ´ð�n�/?

«�1 «�2

«�3

«�4

A B

ã 8-8

) ([[[ddd���) Ø�3.

b��3, Xã��^> AB, Ø�b�¤k�º:Ñ3 AB �þý. �

AB = 1.

± AB ��»½����, L A,B � AB �R�, ò AB �þ�ý²¡

©��o�Ü©(Ø¹>.), @o¤k�:ÑØ�UÑy3«� 4 S, ÄK�
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A,B �¤b�n�/. Ùgy²: Ø�Uk: C 3«� 3 S, ÄK BC < 1, X

Jk:M1,M2, . . .Mk 3«� 2 S, K

BM2
1 +M1M

2
2 +M2M

2
3 + · · ·+MkC

2 < BC2 < 1

gñ.

XJvk:3«� 2 S, K BC < 1, gñ.

@o¤k:Ñ3«� 1½ 2S.XJk:3«� 1, �k:3«� 2, @o�

Ns, Ns+1����º:, ���3«� 1, ��3«� 2, @oNsNs+1 > 1, gñ.

XJ¤k:Ñ3«� 1 ½ 2, Ø�¤k:Ñ3«� 1, ?�Ù¥� D:, @

o BD > 1, gñ. l
Ø�3ù��õ>/. �

µ5 �Káu�N´�AÛK. N´��XJ�3ù��õ>/, @où


õ>/�º: �òÉ�é����, ÏdØJ���E)�¤«�õ�«

�±{zK8^�.

K 9-1. 3 4ABC ¥, D,E, F ©O´�� BC,CA,AB þ�:, ÷v

AD,BE,CF �u4ABC S��:. ®� AF, FB,BD,DC,CE,EA��Ý±

�½^Sü���±�����'ê�, y²: AD,BE,CF ��ÝUì�½^

Sü����±�����'ê�.

A

B CD

EF

ã 9-1

y² (êêê������)

dK¿, - {AF, FB,BD,DC,EC,AE} = {a1, a1q, a1q2, a1q3, a1q4, a1q5}.

qd Ceva ½n, AF
FB
· BD
DC
· CE
EA

= 1, �

S = AF ·BD · CE = FB ·DC · EA =
È
a61q

15 = a31q
15
2 ,

� S = a31q
m+n+p, Ù¥ 0 6 m,n, p 6 5,m, n, p ∈ Z.

� q = 1, = AF = FB = BD = DC = CE = EA, � AB = BC =

CA,D,E, F ©O��>¥:. K AD = BE = CF , nö¤�'ê�, �y! �

11 êÆ#(�



µ5 ù´���éN´�K8, K8^�{'#L, òn��:Úê�ô

Ü3�å. �K�'�=´^|=zK8^�� Ceva ½nÚ�'ê�IO/

ª, �\g�=����Y.

K 9-2. é?¿�S�Ê>/, y²: Ù¡È��é���Ý�Ú�'Ø¬

�LÙ	���»� 1
4
.

O

A

B

CD

E

S

M
T

ã 9-2

y² 1 (êêê������) Ø��Ê>/ ABCDE �ü ��S�Ê>/, Ù�

%� O, A,C 3 BOþ�ÝK©O� S, T , AC � BOuM . �

2SABCDE = SAOCB + SBODC + SCOED + SDOAE + SEOBA.

du

SAOCB = S4AOB + S4BOC =
1

2
(sin∠AOB + sin∠BOC)

≤ 1

2
(AS + CT ) ≤ 1

2
(AM + CM) =

1

2
AC.

�Ón��

2SABCDE ≤
1

2
(AC +BD + CE +DA+ EB),

K
SABCDE

AC +BD + CE +DA+ EB
≤ 1

4
=

1

4
R.

�y. �

y² 2 (ÜÜÜ)))���) PTÊ>/� A1A2A3A4A5, Ø��Ù	���ü �,

AiAi+1¤é�%�� θi, eI� 5 ?n. K¤y�du

1
2

5P
i=1

sin θi

2
5P
i=1

sin θi+θi+1

2

≤ 1

4
.
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�I5¿�ÛÜØ�ª

sin θi + sin θi+1 = 2 sin
θi + θi+1

2
cos

θi − θi+1

2
≤ 2 sin

θi + θi+1

2
,

þª=y. �

µ5 �K�J,  �|ÜAÛ, I�|©/|^n�/�o>/�¡ÈÚ,

5�ÏÊ>/�¡È�é���. '��?K´�ÄXÛéé���¤=zÚ

� , ¤¦·K¥�¡È^��g,/éuén�/Úo>/¡È�g�Ú=

�, ¹k#¿.

K 9-3. 3����b�4ABCS��: T ÷v∠ATB = ∠BTC = 120◦.

�: E �L4ABC n>¥:����%. e B, T,E ��, ¦ ∠ABC ���.

CA

O

B

D(F )

H

E
T

ã 9-3

) (���rrr���)

�4ABC�R%H,�4AHC�	���D. dR%|�5�,4ABC�

	�� �O� �D�»��, = OB = DH. d

∠OBH + ∠BHD = ∠ABC − 2 (90◦ − ∠BCA) + ∠BHA+ ∠AHD

= ∠ABC + ∠BCA+ ∠HAD

= ∠ABC + ∠BCA+ ∠OAC + ∠CAD = 180◦

� OB � DH, Ïdo>/ OBHD �²1o>/. 
dî.��5�� E �

OH ¥:, � B,E,D��.

2± AC ��>�	��>n�/4ACF . q ∠ATC +∠AFC = 180◦, �

A, T, C, F ��. � AF = CF , � ∠ATF = ∠CTF = 60◦. Ïd B, T, F ��.

13 êÆ#(�



5¿� D,F þ3 AC �¥R�þ, Ke D � F Ø­Ü, =k ∠TBN =

∠FBD 6= 0, � D� F ­Ü. Kk

∠ABC =
∠AOC

2
=
∠ADC

2
=
∠AFC

2
= 30◦.

�

µ5 �KI�
)Ê:��%±9 Torricelli :��
5�, l
�Ä�

ùü:�¤3��, l
�Ñ­Ü�'X.

K 9-4. ½Âü�n�/�m�ål�§��m�C�ü�º:m�ål.

�¯·�´Ä�±3²¡SxÑÊ�n�/, ¦�Ù¥?¿ü�n�/�m�

ål�uùü�n�/�	���»�Ú?

) Ä.

±n�/n�º:��%, ±Ù	���»��»x�, ¡ùn���¿8

�Tn�/�“�”. e�±��K�¥��¦, KùÊ�n�/�“�”üü�

�. 
ù´Ø�U�, Ï�K5´Ø�²¡ã. �

µ5 �K¾�wÃleÃ, �XJ�Ä� 5 �AÏ5±9�K�ãØ¿

Â, Ò�±��K5�Ø�²¡5, l
|©/)û�K.

K 9-5. �: O � 4ABC �	%, : X, Y Ñ3 BC >þ, �÷v AX =

BX, AY = CY . y²:4AOB �	%Ú4AOC �	%Ñ34AXY �	��

þ.

A

B CXY

O

D
E

ã 9-5

y² (���rrr���) d ∠AY B = ∠Y AC + ∠ACB = 2∠ACB = ∠AOB ��,

A,O, Y,Bo:��. Ónk A,O,X,C ��.

� D,E ©O� 4AOB �	%Ú 4AOC �	%. �k ∠AYD = 90◦ −

∠ABY = 90◦ − ∠BAX = ∠AXD, = A,D, Y,X ��. Ónk A,E, Y,X ��,
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� A,D, Y,X,E Ê:��. �

µ5 �K��N´, �I*	�ü|o:��, ¯KBHA
)
.

K 9-6. 3F/ABCD¥,BC�AD,ü^é���u:O. �:M,N©O

3�ãBC,ADþ,�(AMC)3 C?������NB �u: P ,�(BND)3

D?������MA�u: R. y²: ∠BOP = ∠AOR.

A

B
C

D

M

N

O

P

R R′

ã 9-6

y² (���rrr���) �: R 'u 4AOD ����Ý: R′. �du��

�²1�, k ∠PCO = 180◦ − ∠CMA = 180◦ − ∠RAD = ∠R′AO, Ónk

∠PBO = ∠R′DO. 5¿�4AOD ∼ 4COB, K R′� P ��qn�/�éA

:, � ∠BOP = ∠DOR′ = ∠AOR. �

µ5 �K¹�|©, åÐ)ö@��Kã/�,, éuùü���´Ãl

eÃ. �5¿����Ý��, g´BÅìC��ß, K¥���=´�
�y

��, 
�kÙ¦�^¿, l
B^|)û
�K.

K 9-7. ²¡þxÐ
��b�n�/�n>¤3��, `�^�rÃ�

Ý�ºÚ�r�5�Ñù�n�/�n^p�, 
¯%<X�¬��ÞZ6¦.

z�£Ü, `Ñ�±?Àü�²¡þ®IÑ�:¿^�º�ÑLùü�:��

�, ��±?À��®IÑ�:��%���L,��®IÑ:��. �X, `

�±3²¡þIPÑ?¿êþ�:(ù
:�±´®xÑ����:, ��±´

?Û�^�þ�?¿:, $�´²¡þ?¿��:). 3`ù£Ü�ö�(å�,
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¯�±ÞK²¡þ�õn�®IÑ�:(`e£Ü¿ØUÀù
:�®�:5

�ã, �´�±3e£Ü�ã�.��2�gIÑù
:). ®�`kÃ, `¯

�<Ó6ö�, ��²¡þ¤k®IÑ:Ñ�ÞZÀ��. �¯`´Ä�½�

±xÑTn�/�n^p�?

) (���rrr���) ´.

ÚÚÚnnn 1 �½ü^�� AB,AC, �3Ø|^: A��¹e�Ñ�^L

A���.

y² ¯¢þ, 3²¡þ?¿�½�: D, þ�3Ø|^: A��¹e�

Ñ AD.

A

B

C

D
F

E
G

IH

J

ã 9-7.1

Ø�� D3 AB,AC m�«�S, � D3T«�	��ãÚ½�Ó. Ú½Xe:

(1)� BD� AC u: E.

(2)� CD� ABu: F .

(3)� EF � BC u: G.

(4)3 ABþ?��: H (Éu A,B ), � GH � AC u: I.

(5)� EH,FI ��: J , JD=�¤¦�L A���.

ey A, J,D��. du

−1 = A[B,C;D,G] = A[F,E;D,G],


 A[F,E; J,G] = −1, K A, J,D��.

ÚÚÚnnn 2 �½4ABC n>¤3��, �3Ø|^: A,B,C ��¹e�Ñ

A'u BC �R�.

y² (�e¡L§¥�:þØ­Ü)
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A

B C
DE F

G
H

I
J K

L
M

N

ã 9-7.2

3 BC þ?�:D,E, ±D��%, DE��»x�, � BC �,���:

� F . dÚn 1, ��Ñ AE,AF (Ø|^: A, eÓ). �± EF ��»��©O

� AE,AF �,��:� H,G, 2ë� EG,FH, �u: I.

23 BC þ�: J , ± D��%, DJ ��»x�, � BC �,���:�

K. dÚn 1, ��Ñ AE,AF . �± JK ��»��©O� AJ,AK �,��:

�M,L, 2ë� JL,MK, �u: N . d� NI =�: A'u BC �R�.

ù´Ï�, I,N ©O� 4AEF,4AJK �R%, Ïdk AI ⊥ BC,AN ⊥

BC, � NI ´ A'u BC �R�.

�: A�p�üÑXe:

(1)z�k:�¯ÞØ, `Ò3e£Üòù
:­#IÑ.

(2)3 AB,AC þ��7�:, ¦��±é²¡þ�: D1 ¦^4gÚn1(�

����� A,D1���: D2, D3, · · · , D5 ).

(3)3(2)��1L§¥, edu¯�Z6, ��`Ã{?1e�Úö�, @

o`6�aLù�Ú, ��1�±ö��Ú½. �e3egö��, �c��1

�,
ö�C���1
, K`k�1@
�c��1�Ú½.

(4)þãö��1�.�, d�3 D1, · · · , D5¥��kü:��¯ÞØ, �

Lùü:���, � BC �u D0.

(5)õg�1þãö�, �� D0, E0, F0, G0, H0, I0.

(6)d��ì(2)(3)��ª, 3 D0, · · · , I0 ¥ÀJ��ÞØ�n:, ��Ú

n2¥�D,E, J , �1ö�; ��?1Ó�(òdn:�� E, J,D�), 2gö�.

(7)²ö�, o�±��3L: A�pþ���8:, Ïd�½�±ÀJÑ
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��ÞØ�n:?1ë�, l
�Ñ A'u BC �p.

(8)� B,C :�p�þãö�Ón.

UþãüÑ, `�½�±xÑTn�/�n^p�. �

µ5 �Käkü�J:, Ù�´Ún 1 ��g�kAÏ, �kéNÚ��

�o>/ÙG�ÓÆâUé¯��; Ù�´�K3QãüÑ���(J. dd

5w, �K� �´��Ü·�.

K 9-8. ò�	�o>/ ABCD �S��P� ω, S���%P� I. �

�� AC,BD �u: P , �� AB,CD �u: E, �� AD,BC �u: F . 3

4EIF �	��þ��: K ÷v ∠IKP = 90◦, ¿� ω��� PK �u: Q.

y²:4EQF �	��� ω��.

I

V

U

W

T
A

ω

B C

D

E

F

PK
Q

R

X

ã 9-8

y² ([[[ddd���) �S�� ω� AB,BC,CD,DAu V, U,W, T . � KP �

S�� ω u Q,R.L Q,R ���, �ü^����:´ X. dÚî½n, N

´�� TU, V W,AC,BDo��u�:, Ïd EF ´ P 'u ω �4�, qÏ�

QRL P , K X,E, F n:��. 5¿� ∠IKP = π
2
, K

XQ2 = XK ·XI = XE ·XF

Ïd XQ´ ω�4EQF �ú��. Ïd·K¼y. �

µ5 �K´¥�JÝ�AÛK. K8wqE,, ¢Sþ, ��éõvk^

�:�, ,	25¿�4:4���'nØB�)û�K.
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K 10-1. 3�� 4ABC ¥, ∠C = 90◦, CH �p, HA1, HB1 ©O�

∠CHB Ú ∠AHC ��²©�, E,F ©O� HB1, HA1 �¥:. y²: ��

AE,BF ��:3 ∠ACB��²©�þ.

A B

C

H

A1

B1

E
F

ã 10-1

y² (ÜÜÜ)))���) 34ABC ¥¦^�� Ceva ½n, K¤y�du

sin∠B1AE

sin∠HAE
=

sin∠A1BF

sin∠HBF
.

d E ´¥:, Kk sin∠B1AE
sin∠HAE = AH

AB1
.

�Iy² AH
AB1

= BH
BA1

. ØJy² 4AHB1 � 4CHA1 �q, |^�²©�

½n, þª=y. �

µ5 ù´��{üK, �IA^�� Ceva ½n=���y², �31�

K�±éÐ/å�O\�)g&��^.

K10-2. �4ABC������n�/,A0, B0, C0©O�BC,CA,AB�

¥:, ∠C ��²©�©O� A0C0 Ú B0C0 �u: B1, A1. y²: �� AB1,

BA1, A0B0n��:.

A

B CA0

B0C0

B1

A1

ã 10-2

y² (ÜÜÜ)))���) d CB1 ´�²©�, � A0B � AC �� BA0 = CA0 =

B0A0. � BB1 ⊥ A1C, Ón AA1 ⊥ A1C, K BB1 � AA1. 5¿� 4AA1B0 �

4B1BA0éAn>²1, l
ùü�n�/ q, K AB1, BA1, A0B0�:. �

µ5 �þ�²1éN´4<é��¤��:¢Sþ´ü�n�/� q

¥%, ��ù:dKB�HA
), áu{üK.
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K 10-3. 34ABC ¥, AB > AC. � ∠A��²©��4ABC �	��

�u: P , �� AC þL C �R�� ∠A��²©��u: K. ± P ��%,

PK���»���4ABC	����løPAu:D. y²: ABDC´��k

S���o>/.

A

B CR

P

K

D

N

IA

Q

ID

ã 10-3.1

y² 1 ([[[ddd���) � N ´lúBAC �¥:, IA, ID ´4ABC Ú4DBC �

S%, ´� NIDD,PIAA ��. � AP � ND u Q, IAID � BC u R . du

∠NAP = ∠ACK = π
2
� AP ²© ∠BAC, K

∠PKC =
π

2
+ ∠PAC =

π

2
+

1

2
∠BAC = ∠NAC,∠CPA = ∠CNA,

Kk4CNA ∼ 4CPK, q4AQN ∼ 4DQP,Ïd
PQ

NQ
=
PD

NA
=
PK

NA
=
PC

CN
=
PIA
NID

.

l
 IAID �NP , ?
 IAID ⊥ BC. Ïd

CR =
CA+ CB − AB

2
=
CD + CB −BD

2
,

� AB + CD = AC +BD, =o>/ ABDC ´�	�o>/. �

y² 2 (���rrr���)

± BC ¥:��:,
−−→
BC � x¶���, BC �R�²©�� y ¶, �¦:

A31���,ïá²¡���IX.�A(p, q) ( p > 0, q > 0 ), B(−1, 0), C(1, 0),

V­� C0 ± B,C ��:�²L A. ��� C0 : x2

a2
− y2

1−a2 = 1, � a ÷v

p2

a2
− q2

1−a2 = 1.

dV­��1Æ5��� AP � C03 A?���. Ïd lAP : px
a2
− qy

1−a2 =
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A

B C

P

K

D

ã 10-3.2

1, q AP � ∠BAC ��²©�, Ïd P 3 y ¶þ, K)� P
�
0, a

2−1
q

�
. �

�(ABC)��§ C1 : x2 + (y − k)2 = r2, 2�\ P,C ��I, z{��

C1 : x2 +

�
y − 1− 2a2 + a4 − q2

2 (a2 − 1) q

�2

=

�
1− 2a2 + a4 + q2

2 (a2 − 1) q

�2

.

d CA ⊥ CK � lCK : y = 1−p
q

(x − 1). � lAP éá� K
�
a2, 1−p

q
(a2 − 1)

�
.

l
�� �P ��§

C2 : x2 +

�
y − a2 − 1

q

�2

= a4 +
p2 (a2 − 1)

2

q2
.

^ p2

a2
− q2

1−a2 = 15�� C2¥� p2, ��

C2 : x2 +

�
y − a2 − 1

q

�2

= a4 +
a2 (a2 − q2 − 1) (a2 − 1)

q2
.

e¡�I`² C1 � C2 ��: D3V­� C0 þ, dé¡5ÚÓ�{, �Iy

C2, C1� C2, C0'u y�)��.

C2 − C1 :

�
y − a2 − 1

q

�2

−
�
y − 1− 2a2 + a4 − q2

2 (a2 − 1) q

�2

= a4 +
a2 (a2 − q2 − 1) (a2 − 1)

q2
−
�

1− 2a2 + a4 + q2

2 (a2 − 1) q

�2

,

z{�� y = −(a2−1)
2

q
.

2�Ä C2 − a2C0, z{��

�
y +

(a2−1)
2

q

�2

= 0, = y = −(a2−1)
2

q
. Ï

d C1 � C2 ��: D 3V­� C0 þ. �k BA − CA = BD − CD, =

AB + CD = AC +BD, �o>/ ABDC kS��. �

y² 3 (ÜÜÜ)))���)
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A

B
C

P

K

D

E

F

ã 10-3.3

� KE ⊥ AB u E, � CD � �P �u F , K AE = AC. ØJy²

4PDB ∼ 4PFC, l
4BDP ∼= 4CFP , K BD = CF .

·�F"y² AB+CD = AC +BD, l
y²�K. ù�duDF = BE,

=

c− b =
PK

PB
· a,

=

c− b =
sin
�
C + A

2

�
− sinB

cos A
2

sin A
2

· a,

��Iy

sinC − sin(A+ C) = 2
�

cos
A

2
sin
�
C +

A

2

�
− sin(A+ C)

�
.

dÚ�zÈúªØJ�yÙ�(5. �

µ5 ù´��¥�K, o>/kS���¿�^�´é>�ÝÚ��, �

Xù�8Ic?=�)ûdK.

K 10-4. �¯��ocI�Ðm¡´Ä�±´��n�/?

) 1 (���rrr���) ´, �EXã 10-4.1:

A

B

C

D

S

ã 10-4.1
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Ù¥ AB = BC =
√
19
6
, AC = CD = SA = SC = 2

3
, DA =

√
6
3
, SB = 1

2
, SD = 1

3
,

BD =
√
61
6

. ÙÐmãXã 10-4.2:

C

S D

A C ′

S′ S′′
B

ã 10-4.2

Ù¥ CS ′ = CS ′′ = 2, S ′S ′′ = 1, � S,A� D,C ′ ©O� CS ′ � CS ′′ �n�©

:. Ïd, �3��ocI�Ðmã´n�/. �

) 2 ÐmãXã10-4.3:

S

BA S′

A′ B′

D C

ã 10-4.3

�4SAB, ÷v SA = SB > AB. � S ′´ AB¥:, A′, B′©O3> SA, SBþ

�÷v SA′ = SB′ = S ′A, C,D©O� BB′, AA′�¥:. ��±òTn�/÷

A′B′Ú CDòå, @o S òÚ S ′­Ü.

d�4SAD,4SA′D,4SBC,4SB′C ��, Ïd�±òdn�/÷ SC Ú

SDòå, d� Aò� A′ ­Ü, � B � B′ ­Ü. Uþã�{, �±��ocI

S − ABCD. �

µ5 �K´��©#L�K8, Ùg´Ì�´Ïék�U�±ò¤ocI

�n�/, ùI�3n�/¥�E�
>���^�, l
é�ù��n�/.
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�K¿Ø�éJ, �IF%N�>��Ý, B��EÑ��~f, �3 10-4 X¢

k
N´
.

K 10-5. �^������u A1, B1 ü:, ù^��q�,���u A2,

B2ü:. ,�^���1���u C1, D1ü:, ¿q�1����u C2, D2ü

:. y²: A1C1 ∩B2D2, A1C1 ∩A2C2, A2C2 ∩B1D1, B2D2 ∩B1D1o:��, ¿

�T���Ð�½�ü��¶.

A1
B1

A2

B2

C1
D1

C2
D2

X

ã 10-5

y² ([[[ddd���) � X ´ A1C1� A2C2��:, @o

XA1 ·XC1

XA2 ·XC2

=
sin∠B2A2C2 sin∠D2C2A2

sin∠B1A1C1 sin∠D1C1A1

=
A2D2 ·B2C2

A1D1 ·B1C1

·
R2
A1B1C1D1

R2
A2B2C2D2

Ù{n:O�Ñ�(J�þª�Ó, �â�¶�X�'nØ, �·K¼y. �

µ5 �K´é�¶�X�Ä�½n��	, ��@\úª=�.

K 10-6. F/ ABCD�ü� AB,CD�u: S, ∠ASC��²©��F/

�ü^.>�u: K,L, ¿� K 3�ã SLþ. 3�ã SK þ���: X, 2

3�ã SL L���ò��þ��: Y , ÷v ∠AXC − ∠AY C = ∠ASC. y

²: ∠BXD − ∠BYD = ∠BSD.

y² 1 ([[[ddd���)

k� C ′� C 'u SX �é¡:, 2� Y ′, ¦� C ′XY ′A��, K

∠AXC = ∠ASC + ∠XCS + ∠XAC = ∠SC ′X + ∠SAX

= ∠C ′Y ′X + ∠AY ′X = ∠AY ′C,
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A

B C

D

S

K

L

C ′

X

Y (Y ′)

ã 10-6.1

Ïd Y = Y ′, l
 SC ′ · SA = SX · SY = SC · SA = SB · SD, d ∠BSX =

∠CBX, K

4SBX ∼ 4SY D,4SBY ∼ 4SXD,

l


∠SBX = ∠SY D,∠SY B = ∠SDX,

Ïd

∠BXD − ∠BYD = ∠SBX + ∠SDX = ∠BYD. �

y² 2 (ÜÜÜ)))���)

A

B C

D

S

K

L

X

Y (Y ′)

M

ã 10-6.2
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3�� SLþ� Y ′¦4SXA ∼ 4SCY ′, � � (SCY ′) ∩XC = M , K

∠SMX = ∠SMC = ∠SY ′C = ∠SAX,

Bk S,M,A,X o:��, q ∠XMA = ∠XSA = ∠CSY ′ = ∠CMY ′, K

M,A, Y ′��.

5¿�∠AY ′C = ∠AY ′S+∠CY ′S = ∠SAX+∠SCX = ∠AXC−∠ASC =

∠AY C, � Y = Y ′. d SX · SY = SA · SC = SB · SD, k 4SBY ∼ 4SXD,

4SBX ∼ 4SY D. K

∠BXD − ∠BYD = ∠BSD + ∠SBX + ∠SDX − (∠SY D + ∠SY B)

= ∠BSD.

�

µ5 �Káu¥� ´�AÛK, N´ß�)�¥��q, Ïd¬��^

Ó�{)û�K, Ïd�K�ÒHA
)
.

K 10-7. �: I���4ABC�S%,:M��>AB�¥:.4ABC	

��3: C ?����L: I �²1u AB ����u: P . P H �

4PAB�R%, y²: �� CH,PM ��:34ABC �S��þ.

y² 1 (ÜÜÜ)))���)

ÚÚÚnnn 1 4ABC ¥, N ´úBAC �¥:, I ´4ABC S%, T ´ ∠A¥�S

���:, K T, I,N ��.

A

B C

I

P

Q

N

E

F

T

ã 10-7.1

y² � E,F ©O´�S��3 AB,AC þ��:, TE ∩øAB = P, TF ∩
øAC = Q, K P ´øAB ¥:, Q ´øAC ¥:. � B, I,Q ��, C, I, P ��. d
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Mannheim ½n� E, I, F ��, K

∠EIB = ∠AIB − π

2
=
∠ACB

2
= ∠PTB,

� E, I, T,B��. Ón, F, I, T, C ��. K

∠BTI = ∠AEI = ∠AFI = ∠CTI,

� T, I,N ��, Ún 1 �y.

ÚÚÚnnn 2 4ABC ¥, I ´S%, T ´ ∠A¥�S���:, �: A�: T '

u �(ABC)����u: D, K DI �BC.

A

B C

I

N

T

S

X D

ã 10-7.2

y² � N �úBAC ¥:, S � N �é»:. dÚn 1 � T, I,N ��, q

A, I, S ��. é�S�8>/ NAASTT ¦^ Pascal ½n�� X,D, I ��. q

d I ´4NXS �R%, K DI ⊥ NS, � DI �BC. Ún 2 �y.

A B
M

ω
C

IP

H

T

X

F

ã 10-7.3
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dÚn 2 ��, L P � �M ��, �: T (Éu C )´ C− �S����:.

K PM ⊥ CT . �± CM ��»�� ω (=� 4ABC �Ê:�). K X 3 ω,

CX
CT

= 1
2
.

5¿� ω� �M 'u C ´ 1 : 2 q. �I � C−�S��´ 1 : 2 q. q

T ´�:, K ω� �I �u: X.( X ¯¢þ´4ABC � Feuerbach :.)

� PA ∩BH = F , K F 3 �M þ. ey CH ⊥ PM . ù�du

HM2 − CM2 = HP 2 − PC2,

=

HF ·HB = HF 2 + PF 2 − PA · PF,

=

HF · FB = FP · FA.

ùd A ´ 4PHB �R%��¤á. qk CT ⊥ PM , K C, T,H ��. K

CH ∩ PM = X ∈ �I, �K�y. �

y² 2 ([[[ddd���)

A
B

M

C

IP

H

K

S

N

DE

ã 10-7.4

�øAB �¥:� S, úACB �¥:´ N , N´�� CIS,NMS n:��. �

CIS � AB� D, I 3 ABþ�ÝK´ E, du PI � AB, Ïd

∠PIC = ∠ADC =
π

2
+ ∠BCA = ∠PCI

Ïd, PI = PC. d��½n,

HM2 −HP 2 =
1

2
AH2 +

1

2
HB2 − 1

4
AB2 −HP 2

=
1

2

�
AH2 − PH2

�
+

1

2

�
HB2 −HP 2

�
− 1

4
AB2
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=
1

2

�
AB2 −BP 2

�
+

1

2

�
AB2 − PB2

�
− 1

4
AB2

=
3

4
AB2 − 1

2
AP 2 − 1

2
BP 2

=
1

2
AB2 −MP 2

=
1

4
AB2 − CP 2

= MC2 − PC2,

Ïd, CH ⊥MP . b� CH �MP uK, 5¿� CM = NM,PI = PC,

∠PCI = ∠PCS = ∠CNS

K 4CMN ∼ 4CPI, Ïdd^=�q� 4CNI ∼ 4CMP. l
 ∠CNI =

∠CMP , (Ü SA2 = SB2 = SI2 = SM · SN , k4SMI ∼ 4CIN , l


∠IME = ∠IMS − π

2
= ∠NIS − π

2
= ∠INC.

?�Ú, ∠CMP = ∠IME, l


Rt4IME ∼ Rt4PMC.

(Ü�K½n, PC2 = PI2 = PK · PM , ¤±

IK

IM
=

PI

PM
=

PC

PM
=

IE

IM
,

Ïd IE = IK, ÏdK 3S��þ. �

µ5 �Káu¥�JÝ�AÛK, )�k|^
O�þ'�����½

n, �X|^�qn�/í�'~)û. �`)�¥í� CH ⊥ MP �O�þ

��, �´�g,��{�´^��½n�{.

K 10-8. 33$Ê�|, zý��cÓ���kü«: “m”Ú“4m”, ¤

±zý�Ñ�U÷X± r1 ½ r2 ��»�l�1¨. �ý�Ê3 A:, �Þ

��, ®�ùý�1¨
 l�ål�Ê�, �31¨Ïm�Þ���^=��

α (< 2π). ¦Ê�/:�;,.

) du­��ÝÚ^=�Ý®�, @oùü«�l�g�o��©O(

½. Ïd�±ò¯K?U�:

�½²¡þ�: AÚ�^± A�à:��� `, 2�½ü�þ r1, r2, Úü

�� α1, α2, �÷v r1 > r2, α1 +α2 < π. ¦÷ve�^��­� Γ�ª: B�

;,:

(1) Γ�©:� A�� `�u A ;
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(2) Γ´�
�»� r1� r2�l�¿8, ¿��»� r1�l��%��Ú

� 2α1, �»� r2�l��%��Ú� 2α2 ;

(3)ü^���l3§��ú�à:?kú��, ¿�ùüãl uT��

�Óý.

A

O2

O1

B

ã 10-8.1

(((ØØØ �ùAO1,ùAO2©O�÷v^�(1)�l, ��»©O� r1, r2, l��%

�þ� 2 (α1 + α2). �Ä©O±O1, O2��%,± 2 (r1 − r2) sinα2, 2 (r1 − r2) sinα1

��»���W1,W2. ¤¦�;,=�ü���ú�«�(e{¡�W1,W2�

�.).

Z

Y

X

D
E

G

F

ã 10-8.2

y² � øPQ ´ Γ ¥�ã�»´ r1 �l, R ��ã PQ þ�:, �÷v

PR : PQ = r2 : r1. �»� r2 �øPR� Γ�u: P , �§3: R?����

Γ3: Q?���²1. òøPQO��øPR, ò Γ� QBÜ©U
−→
QR�²£. é

zã�»� r1�l­Eþãö�, ��ò B²£� O2, K
−−→
O2B = r1−r2

r1

P−−→
PiQi.

aq/, O1B = r2−r1
r2

P−−−−→
QiPi+1 (� Q0 = A,Pn+1 = B ).
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ò Γþ�¤kll: X m©{�3ü �þ. ���^l�ª:� Y , �

÷vøXY �l�� 2 (α1 + α2). � H ´÷v q'� 1
r1−r2 �

−−−→
O1O2 �

−−→
XY �

éA�þ� qC�.ò�»� r1�¤kl/ù, 2òÙ{l/7. �Äz^l

�å:�ª:/¤��þ(¡�Tl�éA�þ). K3 q H ¥,
−−→
O2B �ùl

�éA�þ(e{¡�ù/7�þ)�ÚéA, �
−−→
BO1�7�þ�ÚéA. � Z �

øXY þ�:, �÷vøXZ �l�� 2α1. K3 q H ¥, W2 �W1 �>.©O

�¥%©O´ X, Y �L Z ��éA.

ey�ù�þ���, O2B ��. � m ��ü ��u: E �²1u

O2B ���. 2�Äü �þ±M �¥:��Ý� 2α1 ��l T . e T �,

à:3ùlþ, òl©¤üÜ©. K�� ϕ�3 T �	�ù�þ3mþ�ÝK

�Ý�u ϕ cosα1, Ïd¤kù�þ3mþ�ÝK�Ý�u T 3mþ�ÝK�

Ý. aq/, e7�þ��, K O1B��. Ïd B uW1,W2��.¥.

w, W1 � W2 >.�z��:éAX=k�^�»� r1 ��^�»�

r2 �l�¤�­�, z�W1 �W2 �.�>.þ�:éAXd�^,«�»

�l�ü^,�«�»�l�¤�­�. eyéuz�3ü��.SÜ�: B,

þéAXd��o^l�¤, �å©l��»� r1�­�.

� D� B3 q H ¥�éA:. �øXY þ�: E,F,G÷v
−−→
XE +

−→
FG =

−−→
XD. � E,G©O� DZ �R�²©��øXZ,øY Z ��:, F �øXY �L Z �

²1u EG����,��:. Ko>/ DEFG�²1o>/, ù�´y²8

I��d/ª. ØJuy E,F,Gd D��(½. �

µ5 �KÄk�5¿�K8��d/ª, �{ßÑ�Y, ��é�Ü·�

�{5`�Ù©ÛL§, ù3á�mS�J��, �K´���(J�K8.

ë�©z

[1] 
ø�. 2021 �ÛdâX7AÛc���¿mûm [Z/OL]. �&ú¯Ò“K

Ó©�A”. 2021.8.3
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