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1. cccóóó���������

1 183âX7 (Sharygin)AÛc���3�Ûd#d�²�ÚÙBÞ1.

ûmu 2021 c 7 � 31 F� 2021 c 8 � 1 FÞ1, z�U�Á�mÑ� 4 �

� (10:00-14:00), z�U�Ák 4 �K, ëmÀÃ©� 8, 9, 10 n�c?|.

e¡·��Ñûm�)��µÛ, )�<6¶�)��Ñ. Ó�a�5g9

ÞgP�ÚëåP�, éÁK?1
�È[1,2], a�
ø�P�3·�>�)�

�Jø�B�ïÆ.

2. ÁÁÁ KKK

���!!!lllccc???|||

8-1. ào>/ ABCD ¥, ∠BAD = 2∠BCD, AB = AD. : P ÷vo>

/ ABCP �²1o>/. ¦y: CP = DP .

8-2. ��F/ABCD¥,M���CD�¥:.ω1Úω2©O�4BCMÚ

4AMD�	��, ü��,��:� E. � ED� ω1 u F , FB � ADu G.

¦y: GM ²© ∠BGD.

8-3. �½� ωÚ: P ( P Ø3�þ). �4ABC S�u ω, � A′, B′, C ′©

O� P 'u BC,CA,AB �ÝK. ¦ 4A′B′C ′ �­%;,(�X 4ABC �^

=).

8-4. �S�o>/ ABCD ¥, O ´Ù	���%, P ´Ùé����:,

?¾FÏ: 2022-12-28.
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M,N ©O� AB Ú CD �¥:. �(OPM) ��ã AP Ú BP ©O2g�u

A1 Ú B1, �(OPN)��ã CP Ú DP ©O2g�u C1 Ú D1. ¦y: o>/

AA1B1B Ú CC1D1D�¡È��.

8-5. � 4ABC �S��� AB,BC,AC ©O�u C1, A1, B1. � A′ �

A1 'u B1C1 �é¡:; aq½Â C ′. �� A′C1 � C ′A1 �u: D. ¦y:

BD � AC.

8-6. �½�u A,B �ü�±9�	�: O. �^± O��:����1

�����:(��)Ú1�����:(��)©O� C,D. ±º5�ã��ª

�Ñ� OC : OD�������ù^��.

8-7. ²¡þk 10 �:, ?¿ 4 �:Ñ u,���/�>.þ, K´Äù

10 �:þ u,���/�>.?

8-8. �½��F/ ABCD(AB = CD). Ù	��þk�: P , CP �

AD�u: Q. � L� QD�¥:. ¦y: F/é����ÝØ�uü�¥:�

�� PLþ?¿�:�ål�Ú.

���!!!ÊÊÊccc???|||

9-1.� BH � Rt 4ABC (∠B = 90◦)�p. 4ABH �º: B éA���

���� AB��u: A1 ; aq½Â: C1. ¦y: AC � A1C1.

9-2.� s1� s2��u: AÚ B. �Ä¤k²L: A��þãü�©O2

g��u: P1 Ú P2 �¤k��. |^º5�ã, �ÑÙ¥��^��, ¦�

AP1 · AP2�����.

9-3.34ABC ¥²1u> AC �¥ ��4ABC �	��u: X Ú Y .

� I �4ABC �S%, D�4ABC 	��þøAC (Ø¹: B ) �¥:. : L 

u�ã DI þ, �÷v DL = BI
2

. ¦y: ∠IXL = ∠IY L.

9-4.��4ABC ¥, AB = AC,P �4ABC 	���løAB�¥:, Q�

AC �¥:. 4APQ �	���%� O, d�2g� AB u: K. ¦y: ��

PO�KQ��: u ∠ABC �²©�þ.

9-5. � ω �u AB Ú CD ��u: E, �÷v AD = AE = EB. �

ã CE þ�: F ÷v ED = CF . ∠AFC �²©��úDAC u: P . ¦y:

A,E, F, P o:��.

9-6.F/ ABCD(AD > BC)�ü� AB � CD��u: P . : Q3�ã

www.nsmath.cn 2



ADþ, �÷v BQ = CQ. ¦y:4AQC Ú4BQD	���%�ë�R�u

PQ.

9-7.� H �b�4ABC �R%.4AHC �	��� AB,BC ©O�u:

P,Q. �� PQ�AC��:�R. :K u�� PHþ,�÷v∠KAC = 90◦.

¦y: KR�4ABC �,�^¥��R�.

9-8.²¡þkeZ��, ò§��p�m��:½�:IPÑ5. ´Ä�

Uz��T¹k 5 ��IP�:, �z��IP�:Táu 5 ��?

nnn!!!���ccc???|||

10-1.� A1A2A3A4� B1B2B3B4©O�ü���/, º:U^����ü

�. �ã A1B1, A2B2, A3B3, A4B4�R�²©�©O��ã A2B2, A3B3, A4B4,

A1B1�R�²©��u: P,Q,R, S. ¦y: PR ⊥ QS.

10-2. ào>/ ABCD ¥, �(ABC) � �(ACD) �	ú���u: E,

�(ABD)� �(BCD)�	ú���u: F , � F 3 AC þ. ¦y: E 3 BDþ.

10-3.�� `��ã AB �u: C. : X 3�� `þ, �÷v ∠AXC T�

∠BXC �ü�½ö��. ¦÷v^��: X ��ê.

10-4.ào>/ ABCD¥, ∠B = ∠D. ¦y: BD�¥:34ABC S��

�4ACDS���Sú��þ.

10-5. L: A �� Ω �ü^��, �:©O� B,C. � M � BC ¥:,

P ��ã BC þ?¿�:. �� AP � Ω �u: D,E. ¦y: �(MDP ) �

�(MEP )�ü^	ú����:34ABC �¥ �þ.

10-6. � O, I ©O� 4ABC �	%ÚS%, P ��ã OI þ?¿�:,

�� PA, PB, PC ©O� 4ABC �	��2g��u: PA, PB, PC . ¦y:

∠BPAC,∠CPBA,∠APC ��²©��u�� OI þ��:.

10-7. ²¡þkeZ��, ò§��p�m��:½�:IPÑ5. ´Ä�

Uz��T¹k 4 ��IP�:, �z��IP�:Táu 4 ��?

10-8.� ABCA′B′C ′ ���¥%é¡�l¡N.Ù¥ A� A′ �é, B �

B′ �é, C � C ′ �é.�é?¿��º:, Ù¤3�o�²¡�Ýê�Ú�

240◦. P4ABC�4A′BC�Torricelli:©O� T1, T2. ¦y: T1, T2�BC�

ål��.
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3. )))������µµµ555

K 8-1. ào>/ ABCD¥, ∠BAD = 2∠BCD, AB = AD. : P ÷vo

>/ ABCP �²1o>/. ¦y: CP = DP .

O C

B

D

A

P

ã 8-1

y² (êêê������)

�4BCD�	%� O, u´k OB = OD,AB = AD. d

∠DBO = 90◦ − ∠BCD = 90◦ − 1

2
∠BAD = ∠ABD,

��o>/ ABOD�!/.

�k CP = AB = OD, �

∠DCP = 180◦ − ∠ABC − ∠BCD

= 180◦ − (∠ABD + ∠BCD)− ∠DBC

= 90◦ − ∠DBC = ∠ODC.

u´ OD,CP p�²1���, Ko>/ OCPD �²1o>/, k CP =

OD = OC = DP . �y. �

µ5 K8¥����^�A�²«
��%, ëÑ9Ï��=�).

K 8-2. ��F/ ABCD ¥, M ��� CD �¥:. ω1 Ú ω2 ©O�

4BCM Ú4AMD�	��, ü��,��:� E. � ED� ω1u F , FB�

ADu G. ¦y: GM ²© ∠BGD.

y² (êêê������) � ω1� AB��:� E ′. k

∠CME ′ = ∠CBE ′ = ∠ME ′A = 90◦.

��M,E ′, A,Do:��, ω1� ω2��: E � E ′­Ü, 3 ABþ.

www.nsmath.cn 4



A

B C

D

M

ω1

E(E′)

F

G

ω2

ã 8-2

� ∠CFD = ∠CBE = 90◦, M ��> CD¥:, =MF = MD = CM . q

5¿� ∠AGB = ∠CBF = ∠FMD, =�M,F,G,D o:��, K ∠BGM =

∠MDF = ∠MFD = ∠MGD, �y. �

µ5 �ãO(�{�±é¯�� E 3�ã ABþ�(Ø, ��=�).

K 8-3. �½�ωÚ:P (P Ø3�þ). �4ABCS�uω,�A′, B′, C ′©

O� P 'u BC,CA,AB �ÝK. ¦ 4A′B′C ′ �­%;,(�X 4ABC �^

=).

A

B C

P

A′

B′

C′G

ω

ã 8-3

) (���rrr���) ± ω�ü �, Ù�%��:ïáE²¡. P ε = −1+
√

3i
2

, K
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B = εA,C = ε2A,

A′ =
B + C + P −BCP

2
=
εA+ ε2A+ P − A2P

2
.

Ónk

B′ =
ε2A+ A+ P − ε2A2P

2
, C =

A+ εA+ P − εA2P

2
.

Ïd4A′B′C ′�­%

G =
A′ +B′ + C ′

3
=

3P

6
=
P

2
.

�4A′B′C ′�­%ð� ω��%� P �¥:. �

µ5 �KJÝØp, æ^AÛ{�¿Ø(J.�5¿��Kã/{', �z

�:þN´L«, �æ^Eê{?n�K��{'Ú¯�.

K 8-4. �S�o>/ ABCD ¥, O ´Ù	���%, P ´Ùé����

:, M,N ©O� ABÚ CD�¥:. �(OPM)��ã AP Ú BP ©O2g�u

A1 Ú B1, �(OPN)��ã CP Ú DP ©O2g�u C1 Ú D1. ¦y: o>/

AA1B1B Ú CC1D1D�¡È��.

O

B

C

D

A

P

M

N

B1

A1

C1

D1

T

S

E

F

ã 8-4

y² (êêê������) � �(OPN) Ú CD �,��:� S, �(OPM) Ú AB �

,��:� T .

é( SC1, SD1, B1T,A1T, SP, PT,ON,OM . d

∠SPO = ∠OND = ∠OMA = ∠OPT = 90◦
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� S, P, T n:��.

�Ä�4PDC Ú4PAB ��qn�/, Ùº:�¥:ë� PN,PM!é

A>�¥R� ON,OM �Y�éA/��. = ∠OSP = ∠ONP = ∠OMP =

∠OTP , �= �(OPN) Ú �(OPM) ��»��. dd��

SP = PT, SD1 = B1T, SC1 = A1T,A1B1 = C1D1.

�4SD1C1
∼= 4TB1A1.

�Ä� ∠OC1P = ∠OA1P , l
k OC1 = OA1. Ó� OC = OA, ��

C1C = A1A. Ón�k B1B = D1D.

L T � TF⊥CA, L S � SE⊥CA. d SP = PT �� TF = SE, (Ü

C1C = A1A ��4AA1T Ú4CC1S ¡È��, Ón4BB1T Ú4DD1S ¡È

��.

(Ü 4SD1C1
∼= 4TB1A1 ��, o>/ AA1B1B � CC1D1D ¡È��,

�y. �

µ5 �K�þ$^
é¡5, I��½�AÛ�ú. �ãO(�{ØJu

yü��»��, l
HA
).

K 8-5. �4ABC �S��� AB,BC,AC ©O�u C1, A1, B1. � A′ �

A1 'u B1C1 �é¡:; aq½Â C ′. �� A′C1 � C ′A1 �u: D. ¦y:

BD � AC.

A

B C
A1

B1

C1

A′

C′

D

ã 8-5

y² (���___WWW) ÄkØJ��

∠BA1C1 = 90◦ − ∠ABC
2

,∠CA1B1 = 90◦ − ∠C
2
,∠C1A1B = 90◦ − ∠A

2
,
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K

∠A′C1B1 = ∠A1C1B1 = 90◦ − ∠C
2
,∠AB1C1 = 90◦ − ∠A

2
,

� A′C1Ú AC �Y�� 90◦ − ∠ABC
2

= ∠C1A1B, Ïd�Iy² B,D,A1, C1�

�.

d

∠BC1D = ∠A′C1A = ∠A1C1B1 − ∠AC1B1

=

�
90◦ − ∠C

2

�
−
�

90◦ − ∠A
2

�

=
∠A
2
− ∠C

2

Ú

∠BA1D = ∠C ′A1C = ∠CA1B1 − ∠B1A1C1

=

�
90◦ − ∠C

2

�
−
�

90◦ − ∠A
2

�

=
∠A
2
− ∠C

2

�� ∠BC1D = ∠BA1D, � B,D,A1, C1��. �

µ5 �K��N´, K¥k�þ�¶é¡, �Ié�?1O�=�.

K 8-6. �½�u A,B �ü�±9�	�: O. �^± O��:����

1�����:(��)Ú1�����:(��)©O� C,D. ±º5�ã��

ª�Ñ� OC : OD�������ù^��.

O2

O1

O

I D

C
O3

A

B

T

S

ω2

ω1

ω

ã 8-6

) (êêê������) Äk�Ñ�ã�ª: Pü�©O� ω1, ω2. é(ü���%

O1, O2, ?� ω2 þ�: T ¿é( O2T , � O1S � O2T � ω1 u S (÷v
−−→
O1S �
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−−→
O2T ����). � ST � O1O2 ��:� I. ��� OI ©O� ω1, ω2 u D,C,

d=� OC : OD������/, e¡y²T(Ø.

± O :� q¥%, OC : OD �'� ω1 � q� ω, ´� ω L: C. �

OC : OD�����,±O:� q¥%,Xê k > OC : OD�'~� ω1� 

q� ω′� ω2Ã�:. Ïd ωÚ ω2��u C:. � ω�%�O3,kO2, C,O3�

�, � O2O3 �O1D. ��� ODC ��ã O1O2�u ω1, ω2�S q¥%, =�

þã�Ñ� I, �y. �

µ5 º5�ãK¥~��|^ q5��K8, �~°©.

K 8-7. ²¡þk 10 �:, ?¿ 4 �:Ñ u,���/�>.þ, K´Ä

ù 10 �:þ u,���/�>.?

B

C

D

A

F

G

H

A′

G′

ã 8-7

) (êêê������) Äky²e¡�Ún.

ÚÚÚnnn éu���o�:, §��½ u,���/þ.

y² Ø�����o:� A,B,C,D. Ù¥, o>/ ABCD k��ü�

�Ø´b�, P� ∠B,∠C. ü>ò� BC, L A,D©O� BC �R� AH,DF .

Ø�� AH ≥ DF , L A3 FD�ò��þ�R� AG. l
o: A,B,C,D 

u��/ HFGAþ. e HFGA���/KÚn®�y.

� HF > FG �, ©Oò� HA,FG � A′, G′, ¦� HA′G′F ���/,

A,B,C,D3Ùþ; � HF < FG�, Ón©Oò� HF,GA� H ′, A′ =�. Ú

n�y.
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e¡ÞÑ�·K��~. ����S��>/�º:, K§�Ø�U3Ó

����/þ, ù´Ï�����/Ú��õk 8��:; Ó�, ù 10�:¥�

?¿ 4���, dÚn��= u,����/þ. ��·KØ�½¤á. �

µ5 �K�Þ~�~|©, )ö��L§¥���(J3u�ä·K�é

�, Ïdr
�ã�´.

K 8-8. �½��F/ ABCD(AB = CD). Ù	��þk�: P , CP �

AD�u: Q. � L� QD�¥:. ¦y: F/é����ÝØ�uü�¥:�

�� PLþ?¿�:�ål�Ú.

A

B C

D

P

Q L

E F

M

N
F ′

E′

G

ã 8-8

y² (���rrr���) Ø��AD�e.,PAB,CD,AD�¥:©O�E,F,M .

�E'uM�é¡:�E ′, F 'uPL�é¡:�F ′. K�Iy²EF ′ ≥ AC.

ey EF ′ = AC.

Äkdé¡5��4MLF ∼= 4MLE ′. �k LE ′ = LF = LF ′. � EF ′�

PLuN , EF �CQuG,w,G´CQ ¥:,�k∠GLA = ∠CDA = ∠CPA,

K G,L, P,A��. q�� EGLA�´��F/, � E,G,L, P,AÊ:��, K

∠NLF = ∠GPL = ∠ELA. ùL²

∠ELE ′ = ∠MLE ′ + ∠ELM = ∠MLF + ∠FLG = ∠MLN = ∠ELF ′.

���4ELE ′ ∼= 4ELF ′. K EF ′ = EE ′ = 2EM = AC. �

µ5 �K�'�3u*	Ñ4ELE ′ ∼= 4ELF ′ù�|��n�/, l


¢yé EF ′ �=z. ��Kæ^n�O�½EêO�þ��(J, ÏdXJg

´���Ø, ?nå5´�©5Ã�.
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K 9-1. � BH � Rt4ABC (∠B = 90◦)�p.4ABH �º: BéA��

����� AB��u: A1 ; aq½Â: C1. ¦y: AC � A1C1.

A

B C

H

A1

C1

ã 9-1

y² (êêê������) w,,

BC1 =
1

2
(BH +HC + CB), BA1 =

1

2
(BA+ AH +BH).

u´
BC1

BA1

=
BH +HC + CB

BA+ AH +BH
=
BC

BA
.

l
 AC � A1C1, �y. �

µ5 �~Ä:�K8, Ù��:'u�Ý�(Ø=�.

K 9-2. � s1 � s2 ��u: AÚ B. �Ä¤k²L: A��þãü�©

O2g��u: P1Ú P2�¤k��. |^º5�ã, �ÑÙ¥��^��, ¦

� AP1 · AP2�����.

) (���rrr���) ky²e¡A�Ún.

ÚÚÚnnn 1 �½�^��Ú��	�:, �^º5�ã��ª, LT:�ÑT

���²1�.

TÚn´Ù��.

ÚÚÚnnn 2 �½∠ABC±9>DE,�^º5�ã��ª,�Ñ÷v∠DEF =

∠ABC �> EF .

11 êÆ#(�



A

B C

D

E

P

Q

R

S

F

ã 9-2. 1

y² e�Ñ± ED�ª>��ã�{, EF �©>��{aq.

Äk± B ��%��, ��� BA,BC ©O�u P,Q. 2± P ��%,

PQ��»��, � �B 2g�u R. L R� DE �²1�, 2g� �B u S.

� EF � SQ=�.

O1

A
s1

s2

B

P1

P2

ã 9-2. 2

£��K, P s1��%� O1, u AB3 s1, s2¤é��±�©O� α, β. 2

� P1P2 � AB �Y�� θ. {P s1, s2 ��»©O� R1, R2 (´�§�þ�½

�). K

AP1 · AP2 = 2R1 sin(α + θ) · 2R2 sin(θ − β)

= 2R1R2(cos(α + β)− cos(α− β + 2θ))

www.nsmath.cn 12



= 2R1R2(cos(α + β) + cos(π − α + β − 2θ)),

� π − α + β − 2θ = 0�þª��, = 2θ = π − α + β (¯¢þd�k BA²©

∠P1BP2 ). �I� ∠BO1P1 = π − α+ β=�, dÚn 2, ù´�±���. 2�

�� P1A, � s2�u P2=�. �

µ5 ?n�K�ØJé��n�¼ê, �I�é�Ü·��Ý(½�ã)�

�Cþ, =�ò AP1 · AP2 =z�üCþ¼ê. é��������^��, �

ã�Ú½¿Ø(J.

K 9-3. 34ABC ¥²1u> AC �¥ ��4ABC �	��u:X Ú

Y . � I �4ABC �S%, D�4ABC 	��þøAC (Ø¹: B ) �¥:. :

L u�ã DI þ, �÷v DL = BI
2

. ¦y: ∠IXL = ∠IY L.

A

B

C

D

E FX Y

I

L

J

ã 9-3

y² (���rrr���)

d XY � AC ��øAX = øCY , � ∠ABX = ∠CBY . q ∠BXY = ∠BCY ,

�4BXE ∼ 4BCY . Kk BX ·BY = BA·BC
2

.

� J � ∠B S��%, KdS%��%�5� BA · BC = BI · BJ , 2(

Ü BL = BI + ID − DL = BI
2

+ IJ
2

= BJ
2
�� BX · BY = BI · BL. �k

4BXL ∼ 4BIY,4BXI ∼ 4BLY . Ïdk

∠IXL = ∠BXL− ∠BXI = ∠BIY − ∠BLY = ∠IY L. �

13 êÆ#(�



µ5 �K¥, �ÄXÛ|^DL = BI
2
´)û¯K�'�. XJæ^O��

�{, �U¬J?n�õ. �,�K�L§¿Ø�, �)ö@�ù¿Ø´���

©N´�K8.

K 9-4. �� 4ABC ¥, AB = AC,P � 4ABC 	���løAB �¥:,

Q� AC �¥:. 4APQ �	���%� O, d�2g� AB u: K. ¦y:

�� PO�KQ��: u ∠ABC �²©�þ.

A

B C

P

Q

O

K

X

O1

P ′

ã 9-4

y² ([[[ddd���) Äk�Ñ��äó.

äääóóó XJn�/ ABC �	%´ O1, P 'u O �é¡:� P ′ @o

B,O1, P
′n:��.

y² 5¿�ë%�R�²©ú�u, @o OO1 ⊥ AP , q Q´¥:, Ïd

O1Q ⊥ AC, Ïd��

∠OO1Q = π − ∠PAQ = π − ∠PP ′Q = π − ∠OP ′Q,

l
 O,O1, P
′, Qo:��, Ïd

∠OO1P
′ = ∠OQP ′ = ∠OP ′Q = ∠PP ′Q = ∠PAC = ∠A+

1

2
∠C.
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5¿� ∠BO1O = ∠BO1P + ∠OO1P = ∠C +
1

2
∠C, Ïd

∠BO1O + ∠OO1P = π,

l
�� B,O1, P
′n:��. äó�y.

£��K, � PO�KQ�:� X. 5¿�

∠ABP ′ = ∠ABO1 =
π

2
− ∠C,

qd P ´løAB¥:,

∠X = ∠KP ′P − ∠P ′KQ =
1

2
∠C − π

2
+ ∠PAC =

π

2
− ∠C,

l
 ∠ABP ′ = ∠X, = B,K, P ′, X ��, l


∠ABX = ∠PP ′K = ∠PAB =
1

2
∠C =

1

2
∠B.

�d, �¤
·K�y². �

µ5 �K´¥� J�¯K. �K¥�: Q�efJ±uúÙ^{, ��

±ÏL(Ø�íÑ B,K, P ′, X ���^�, ?�Ú¬uú�I�y²äóSN

=�. ÏL:Ñ�%, �E��, B�±¿©|^>¥:!l¥:�^�, Ó�

��±�Ñ�Käó�����{'´Ã�y².

K 9-5. � ω �u AB Ú CD ��u: E, �÷v AD = AE = EB. �

ã CE þ�: F ÷v ED = CF . ∠AFC �²©��úDAC u: P . ¦y:

A,E, F, P o:��.

O

A

ω

BE

D

C

F

P

ã 9-5

y² (���___WWW) d∠BEC = ∠DEA = ∠ADE = ∠ABC��CE = BC =

DF , 2d AD = BE,DF = BC,∠ADF = ∠EBC ��4ADF ∼= 4EBC, �
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AF = EC = DF = BC, =k ∠PFA = ∠PFC = ∠FAD = ∠FDA, K

PF � AD.

q FA = FD,OA = OD, K OF ⊥ AD, = OF ²© ∠AFD, � OF ⊥ PF ,

∠OFP = ∠OEA = 90◦. d DE = CF �� OE = OF , (Ü OP = OA��

4OFP ∼= 4OEA, � PF = AE = AD. ùL²o>/ ADFP �²1o>/,

= AP �DF,AP = DF , � AP � EC,AP = EC, Ko>/ APCE �²1o>

/.

du E � AB ¥:, � EP = EC ( APCB ���F/), � EP = EC =

CB = PA, K

∠PEA = ∠PAE = ∠CBE = ∠ADC = ∠AFP = ∠PFC,

= A,E, F, P ��. �

µ5 �K¥�ã���õ, dd�)
éõ��n�/±9²1o>/.

|^ù
ã/?1��, K�±^|)û�K.

K 9-6. F/ ABCD(AD > BC)�ü� AB � CD��u: P . : Q3

�ã ADþ, �÷v BQ = CQ. ¦y:4AQC Ú4BQD	���%�ë�R

�u PQ.

A

B C

D

P

Q

U
V

ã 9-6

y² ([[[ddd���) � �(AQC)��ã PDu U , �(BQD)��ã PAu V .

5¿� BC � AD, @o

∠AUC = ∠CQD = ∠QCB = ∠QBC = ∠BQA = ∠BVD

Ïd A, V, U,Do:��, l
d�%½n� P 3ù�(AQC)Ú�(BQD)��
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¶þ, = PQ ⊥ùü���ë%�. �

µ5 ��~5���AÛK. ¯K¥�ë%�®²�Ñv
�J«: ù�

K7L�Ä�¶, �e5Ò�y² P 3�¶þ=�, áu{üK.

K 9-7. � H �b� 4ABC �R%. 4AHC �	��� AB,BC ©O

�u: P,Q. �� PQ � AC ��:� R. : K  u�� PH þ, �÷v

∠KAC = 90◦. ¦y: KR�4ABC �,�^¥��R�.

A

B

C
M

H

P

Q

R

K

ã 9-7

y² (���___WWW) e{P ∠CAB = ∠A,∠ABC = ∠B,∠BCA = ∠C. �

AC ¥:�M . eyKR ⊥ BM , = ∠RKA = ∠BMR.

Äkk

∠KPA = ∠HPB = ∠HCA = 90◦ − ∠A,

∠KPR = ∠HPQ = ∠C − ∠HPB = ∠C + ∠A− 90◦ = 90◦ − ∠B,

∠KAP = 90◦ − A,∠PRA = ∠A− ∠C.

e� ∠KRA = θ, =y tan θ = tan∠HBM .

5¿�

tan∠HBM =
CA
2
− AB · cosA

CA · sinA

=
sin(A+C)

2
− sinC cosA

sinC sinA

=
1
2
(sinA cosC − sinC cosA)

sinC sinA

17 êÆ#(�



=
sin(A− C)

2 sinC sinA
,

é4APR'uK ^�� Ceva ½n��

sin∠KPA
sin∠KPR

· sin(A− C − θ)
sin θ

· sin 90◦

sin∠KAP
= 1,

=
cosA

cosB
· sin(A− C) cos θ − cos(A− C) sin θ

sin θ
· 1

cosA
= 1.

K sin(A−C)
tan θ

− cos(A− C) = cosB. d

tan θ =
sin(A− C)

cos(A− C)− cos(A+ C)
=

sin(A− C)

2 sinC sinA
= tan∠HBM

�� θ = ∠∠HBM , �KR ⊥ BM . �

µ5 �K¥y²ü�R�, Äk�Ä��. 
ã¥�Ü©��þ�?1O

�, Ïd(Ü�� Ceva ½n, ØJòÙ=z�®���, 2?1n�O�=�

�y.

K 9-8. ²¡þkeZ��, ò§��p�m��:½�:IPÑ5. ´Ä

�Uz��T¹k 5 ��IP�:, �z��IP�:Táu 5 ��?

O

A

C

E

D

B

ã 9-8

) 3�Oþ��±�Ê�©: A,B,C,D,E, KXã� 7 ���m�z�

�:, ÑTÐáu 5 ��, �z��þTÐk 5 ��:. �

µ5 �K�±k�Ä' 5 ��êi, 'X 3 Ú 4, ù�`Ø½�±é�5

Æ. éN´¬��Ä@
éé¡�ã/, Ï�ù��ãN´�`n�ß, XJ3

3Ú 4 ��¹Ukg´, @o�Ä�þU
�Ñ 5 ��¹
.
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K 10-1. �A1A2A3A4�B1B2B3B4©O�ü���/,º:U^����

ü�. �ãA1B1, A2B2,A3B3, A4B4�R�²©�©O��ãA2B2, A3B3, A4B4,

A1B1�R�²©��u: P,Q,R, S. ¦y: PR ⊥ QS.

A4

A1

A2

A3

O

B1

B2

B4

B3

C4

C1 C2

C3

P R

ΩP Q

S

ΩQ

ΩR

X

ΩS

Y

Z

ã 10-1

y² (


ÊÊÊ���) Xã¤«, du��/ A1A2A3A4� B1B2B3B4^=�q,

�T^=�qC��¥%�: O, � Ci(i = 1, 2, 3, 4)��ã AiBi�¥:, Kd

�q5�� C1C2C3C4´��/. ^ 〈l1, l2〉L«ü^�� l1, l2¤Yb�.

du∠C1PC2 = 〈A1B1, A2B2〉9∠C1OC2 = ∠A1OA2Ñ���/A1A2A3A4

� B1B2B3B4^=�q�^=�, �§���, l
 O,C1, C2, P �� ΩP . Ón

O,C3, C4, R�� ΩR.

� ΩP � ΩR�,���:� X, Kk

∠OXP = 180◦ − ∠OC1P = 90◦ − 〈OC1, A1B1〉,

Ón ∠OXR = 90◦ − 〈OC3, A3B3〉.

d^=�q�� 〈OC1, A1B1〉 = 〈OC3, A3B3〉, � ∠OXP = ∠OXR, l


X,P,R��. dX �½Â�� O,X 'u�ã C1C2�¥R�(= C3C4�¥R

�)é¡, �k OX � C1C2.

Ón,�½ÂΩQ�ΩS,§��,���:�Y ,KY,Q, S��, OY �C2C3,

�k OX ⊥ OY . � PR,QS �u: Z, d

∠OY Z = 180◦ − ∠OY S = 180◦ − ∠OC1S = 180◦ − ∠OXP

�� O,X, Y, Z ��. ¤±, ∠Y ZX = ∠Y OX = 90◦, � PR ⊥ QS �y. �
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µ5 �K�.�=É�g´¿ØJ, áu¥�K. ü���/, éAº:

ë�, �¥:, �¥R�, g,¬���^=�q�¥%ïÄ. ��ÒØE,
,

�,ã/E,, �5¿�K¥�3�þ��(�B�HA
).

K 10-2. ào>/ ABCD¥, �(ABC)� �(ACD)�	ú���u: E,

�(ABD)� �(BCD)�	ú���u: F , � F 3 AC þ. ¦y: E 3 BDþ.

y² (


ÊÊÊ���) ky²e¡�Ún.

ÚÚÚnnn �ü� ω1, ω2 ��u X, Y ü:, P ´�ã XY ¥R�þ�:, K

P ´ùü��	 q¥%�¿�^��: L P ?��^�� ` �ü��u

A,B,C,Do:� P,A,B,C,D^gü�, k PX2 = PB · PC.

ω1

ω2

X

Y

P (P ′)

Z

A
B

C

D

`

ã 10-2. 1

y² ky7�5. e P ´	 q¥%, � PX � ω2 �,��:�

Z, Ø� P,X,Z ^gü�. d q5�, CX � DZ. q B,X,Z,D ��, �

∠PBX = ∠PZD = ∠PXC, u´4PBX ∼ 4PXC, �� PX2 = PB · PC.

2y¿©5. � `�L P �²Lü��%���, d PX2 = PB · PC ��

4PBX ∼ 4PXC. Pü�	 q¥%� P ′, K

∠PXC = ∠PBX = ∠P ′BX = ∠P ′XC,

d= P ′ = P . Ún�y.

£��K. du F 3 AC þ, dÚnk FA · FC = FB2, � 4FBA ∼

4FCB, = AB
CB

= FA
FB

, Ón= AD
CD

= FA
FD

, d FB = FD�� AD
CD

= AB
CB

.

� EB �úADC u: D′, Ón�� AD′

CD′ = AB
CB

, 
÷v AD
CD
�u½��:

D� �´���, ¤± D = D′, � E,D,B��, �y. �
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A

B

C

D(D′)

F

E

ã 10-2. 2

µ5 �Káu{üK. Ún¯¢þ´��Ù��(Ø, 3 2019 cÁ-E

(CMO) ¥��	
aq��.. $^Ún, (ÜÓ�{�¦L§��{'.

K 10-3. �� `��ã AB�u: C. :X 3�� `þ, �÷v ∠AXC T

� ∠BXC �ü�½ö��. ¦÷v^��: X ��ê.

A
B

C

B′

ω

X

`

ã 10-3

) (


ÊÊÊ���) ¤¦�: X �ê����� 4.

��¡, y²ÎÜ^��: X Ø�L 4 �. �Iy: ÷v ∠AXC =

2∠BXC �: X Ø�L 2 �.

� B 'u `�é¡:� B′, k ∠AXC = 2∠BXC = 2∠B′XC, = XB′ ²

© ∠AXC. �± B′ ��%�� `����� ω, dé¡5�� XA½� ω �

�, du A, ω� �þ®(½, �ù�� X � ��õk 2 �, �y.
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,��¡, � C � AB ¥:, � `¦� `� AB ¤Yb� θ = 60◦. � ω�

`�u: X, K B′A = 2CX = 2B′X
tan θ

> B′X, =: A3 ω 	Ü, ��3L A�

ω�ü^��, dþãØy��, §�� `��:, ±9ùü��:'u C �é

¡: (� 4�:) Ñ´ÜK�.

nþ¤ã, ¤¦�: X �ê����� 4. �

µ5 �Káu¥�K. �K�|Ü(Ü, �þÃ¬uy�E¿ØN´, d

�Aly²\Ã, <K8^�}Á eí, wUíÑ X �=
5�. y²Ñþ

.�, 2�“�Ò¤á^�”�E, Ò4g,
.

K 10-4. ào>/ ABCD¥, ∠B = ∠D. ¦y: BD�¥:3 4ABC S

���4ACDS���Sú��þ.

A

B

C

D′

M

D

I

J ′

J

N

E
F ′

F

P

Q

ã 10-4

y² (���rrr���) � AC ¥:� M , BD ¥:� N , 4ABC,4ADC �S

��©O� �I,�J , ©O� BC �u E,F . 2� D′, F ′, J ′©O´ D,F, J 'u
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M �é¡:, P,Q©O� E,F 'u IJ �é¡:. ´� PQ� �I Ú �J �S

ú��, ey P,Q,N ��.

± �(ABC)�ü �, Ù�%��:ïáE²¡. � A = a2, B = b2, C =

c2, D′ = d2 (w, D′ 3�þ). 5½ 0 < argB < argA < argC < 2π, 0 <

argD′ < argA < argC < 2π, 0 < arg b < π, 0 < arg d < π, π < arg a < 2π, 0 <

arg c < π. KdEê�S%úª��

I = −ab− bc− ca, J ′ = −ad− dc− ca.

: E � I 3 AC þ�ÝK, �

E =
A+ C + I − ACI

2
=
a2 + c2

2
+

(a+ c)(ac− b2)

2b
.

Ón F ′ = a2+c2

2
+ (a+c)(ac−d2)

2d
.

d¥%é¡��

F = 2M − F ′ = a2 + c2

2
+

(a+ c)(d2 − ac)
2d

,

J = a2 + c2 + ad+ dc+ ca,D = a2 + c2 − d2.

2dé¡:úª��

P =
I(E − J)− J(E − I)

I − J
,Q =

I(F − J)− J(F − I)

I − J
.

e¡`² N−P
N−Q �¢ê:

N − P
N −Q

=
NI −NJ − IE + IJ − JE + JI

NI −NJ − IF + IJ − JF + JI
,

z{��

N − P
N −Q

=
−abc2 + abd2 + acd2 − ab2c+ bcd2 − a2bc

acd2 − ab2c− ab2d+ ac2d+ a2cd− b2cd

=
− c
d

+ d
c

+ d
b
− b

d
+ d

a
− a

d
d
b
− b

d
− b

c
+ c

b
+ a

b
− b

a

.

5¿�þª�©fÚ©1þ�XJê(þ����ÝEê��), Ïd N−P
N−Q �¢

ê, ùL² P,Q,N ��. �

µ5 �K��E,, eæ^Eê{, Kg´�ég,, �Iy²'~�¢

ê=�, ���":´O�þ��. (��Y¥æ^��{´|^ Feuerbach ½

n, (Ü Casey ½n?1>�O�, L§�)ö��á, �g´þ��J��.

K 10-5. L: A�� Ω�ü^��, �:©O� B,C. � M � BC ¥

:, P ��ã BC þ?¿�:. �� AP � Ω �u: D,E. ¦y: �(MDP )�

�(MEP )�ü^	ú����:34ABC �¥ �þ.
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A

Ω

B

C

D

E

P
M

Q

ã 10-5

y² (


ÊÊÊ���) � AP ¥:� Q, K Q 3 4ABC �¥ �þ. du

A,E, P,D�NÚ:�, Q� AP ¥:, � QE ·QD = QP 2.

qdu AM ⊥ BC, k QP = QC. �âc©¥K 10-2 �Ún, : Q=´

4EPM 	��� 4DPM 	���	 q¥% (Ï�÷v±þü^5��:

Q� �w,´���), Ïd, �K�y. �

µ5 �Káu{üK. ��ÙGNÚ(�Ã$Eâ¹þ, �I2grNT

Ún�­�5.

K 10-6. � O, I ©O� 4ABC �	%ÚS%, P ��ã OI þ?¿�:,

�� PA, PB, PC ©O� 4ABC �	��2g��u: PA, PB, PC . ¦y:

∠BPAC,∠CPBA,∠APC ��²©��u�� OI þ��:.

A

B

C

Ω

OI

M

S

P

PA

PB

PC

K(K′)

N

T

X

ã 10-6
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y² (


ÊÊÊ���) �4ABC �	��� Ω, ∠BPAC � ∠CPBA��²©�

�u: K, AI, PAK � Ω�,��:©O� M,N , K MN � Ω��», �

MN L: O. aq/, � BI, PBK � Ω�,��:©O� S, T , K ST �L:

O.

�AT,BN�u:X,38>/NPAATPBB¥,dødk½n�X,P,K�

�; 38>/ ATSBNM ¥, dødk½n� X, I,O��. q I, P,O ��, �

X, I, P,O,K Ê:��, � K 3 OI þ. Ón, ∠BPAC � ∠BPCA ��²©

���: K ′ �3 OI þ, � K,K ′ þ� ∠BPAC ��²©�� OI ��:, =

K ′ = K, �Òy²
�K. �

µ5 �Káu{üK. xÑã�=¬¿£�K¥k�þ�ødk(�, �

}Á�Eødk½n�'�ã/, ±¥m: X �xù, ´ù«¯K~��“@

´”.

K 10-7. ²¡þkeZ��, ò§��p�m��:½�:IPÑ5. ´

Ä�Uz��T¹k 4 ��IP�:, �z��IP�:Táu 4 ��?

O

B

CD

A

ã 10-7

) 3 �Oþ��±�o�©: A,B,C,D, KXã� 5 ���m�z��

:, ÑTÐáu 4 ��, �z��þTÐk 4 ��:. �

µ5 ¯¢þ, �Kéu 2, 3, 4, 5 ��¹þ¤á, ��u 5 ��¹�ÿØ�

Ù.

K 10-8. � ABCA′B′C ′���¥%é¡�l¡N.Ù¥ A� A′�é, B�

B′ �é, C � C ′ �é.�é?¿��º:, Ù¤3�o�²¡�Ýê�Ú�

240◦. P4ABC�4A′BC�Torricelli:©O� T1, T2. ¦y: T1, T2�BC�

ål��.
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ã 10-8

y² � D ´÷v AB′CD �²1o>/�:. Ko¡N ABCD �o

�¡©O��ul¡N� ABCA′B′C ′ �l�¡(X 4A′BC ∼= 4AB′C ′ ∼=

4DCB �o|��), ¿�To¡N�o�Ã�>é��Ú(X ∠CAD +

∠CBD + ∠ACB + ∠ADB )�u 240◦. � A1, B1, C1, D1 ©O�o¡N�S

�¥�¡ BCD,CDA,DAB,ABC ��:. dþã��9é¡5��, T2 �

4BCD� Torricelli :'u BC é¡, ��I`²4BCD,4ABC � Torricelli

:� BC ål��.

�� 4A1BC ∼= 4D1BC, ,	�Ê|n�/�aq/��. Ïd

∠BD1C+∠BA1C = ∠BAC+∠ABD1+∠ACD1+∠BDC+∠DCA1+∠DBA1 =

∠BAC+∠BDC+∠ABC1 +∠ACB1 +∠DCB1 +∠DBC1 = 240◦,K∠BD1C =

∠BA1C = 120◦. �aq/k ∠AD1B = ∠AD1C = ∠BA1C = ∠BA1D = 120◦,

ùL²A1, D1©O´4BCD,4ABC�Torricelli:,d4A1BC ∼= 4D1BC�

� A1, D1� BC ål��, �(Ø¤á. �

µ5 ØÓu± c°�Ø¶K, �K�)�L§¿Ø�©E,, �éã/

��m��Uå�¦$p, �I5¿� 240◦ �^å±9éXå Torricelli �½

Â. Ïd�,�KL§Ø�, �JÝ���.

ë�©z
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